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The angle of deflection experienced by a primary cosmic 
particle moving in the plane of the geomagnetic equator 
is calculated for different energies ard the result used to 
find the diurnal variation in the intensity of cosmic rays 
arriving vertically at the geomagnetic equator. If it is 
assumed that the number of primaries varies inversely as 
the cube of their energy, the calculation shows that there 
should be a diurnal variation in the vertical intensity of 
0.17 percent, if all primaries are positive, with a maximum 
at 13 hr. 20 min. sidereal time. With a ratio of three posi- 
tive to one negative primary, and the same distribution 
law, the amplitude of the diurnal variation should be 0.1 


percent with a maximum at 12 hr. 30 min. sidereal time, 
while if the primary radiation as a whole is neutral (one 
positive particle to each negative) the amplitude should be 
0.06 percent with maximum at 8 hr. 40 min, sidereal time. 
If the number of primaries is an exponentially decreasing 
function of their energy, the amplitude of the diurnal varia- 
tion should be 0.24 percent with maximum at 18 hr. sidereal 
time, assuming all primaries are positive; if the primary 
radiation is neutral the amplitude should be 0.19 percent 
and the maximum should occur at 20 hr. 40 min. sidereal 
time. The expected diurnal variations for several values of 
the lower limiting energy are also discussed. 


1. 


FUNDAMENTAL question in the theory 

of cosmic radiation is whether the radiation 
comes from outside our own galaxy. A possible 
way of answering this problem was first suggested 
in 1935 by Compton and Getting.' They pointed 
out that, as a consequence of the motion of 
rotation of our galaxy as a whole, there should be 
a small diurnal variation of the intensity de- 
pending on sidereal time. Since then they, and a 
number of others, have assiduously sought to 
establish experimentally the existence of this 
effect, as yet with results which are in part 
contradictory and largely inconclusive. 


*Fellow of the John Simon Guggenheim Memorial 
Foundation. 
t At present graduate student at the University of 


California, Berkeley, California. 
(1938) H. Compton and I. A. Getting, Phys. Rev. 47, 817 


Compton and Getting developed the theory of 
the galactic rotation effect without regard to the 
deflection of charged primary particles by the 
earth’s magnetic field. They then made a rough 
estimate of the error introduced by neglecting 
this deflection, and pointed out that it should 
result in still further decreasing the small 
expected diurnal variation in the absence of a 
magnetic field. In view of the importance of the 
question at issue, it appeared desirable to develop 
the exact theory of the galactic rotation effect 
even if at present the calculations can be carried 
out rigorously only for the particularly simple 
case of particles moving in the plane of the 
geomagnetic equator. A calculation due to van 
Wijk? already showed that, under the assumption 
that the number of primary particles varies as an 
exponentially decreasing function of their energy, 


*L. A. van Wijk, Physica 3, 769 (1936). 
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Fic. 1. The figure is drawn for an observer looking down on 
the equatorial plane from the north pole. 


the maximum value of the diurnal variation for 
particles coming vertically at the geomagnetic 
equator should be about 0.25 percent, instead of 
0.3 percent which would be expected if the 
earth’s magnetic field were absent. He did not 
attempt to calculate the phase of the diurnal 
variation. 

In the present paper we calculate the deflection 
of cosmic particles moving in the equatorial 
plane and then, by taking into account the 
motion of the earth due to the galactic rotation, 
we find the diurnal variation in the intensity of 
cosmic rays arriving vertically at a point in the 
geomagnetic equator. Methods similar to those 
used here yield the diurnal variation in any 
direction in the east-west plane at the geomag- 
netic equator. The results are similar to those 


reported here. 
2. 


The angle of deflection of a primary cosmic-ray 
particle reaching the earth from infinity can be 
easily calculated in the case we are now con- 
sidering. We shall confine our attention to 
positive particles; the deflection of negative 
particles will be equal in magnitude but in the 
opposite direction to that of positive particles 
with the same absolute charge, mass, and energy. 
From Fig. 1 we see that the angle of deflection x 


is given by 
X=Ge— Ga— 9, (1) 


where ¢g, and g, are the polar angles of the 
trajectory for r=r,, the radius of the earth, and 
for r=, respectively, and @ is the direction of 
arrival of the particle at the earth. We are using 
Stérmer’s normalized coordinates so that r, is the 
ratio of the radius of the earth to the radius of 
the circular periodic orbit of the particle, and it 


is a measure of the energy of the particle. For the 
angles we have adopted the following conven- 
tions: ¢ is measured positive westward from the 
polar axis to the radius vector; @ is measured 
positive eastward from the vertical to the 
reversed direction of arrival; x is measured 
positive clockwise from the asymptotic direction 
to the direction of arrival (Fig. 1). 

The angles ¢, and ¢, are obtained by putting 
r=r, and r= ~, respectively, in the polar equa- 
tion of the trajectory.* For y:<1 (2y; is the 
moment of momentum of the particle, in the 
equatorial plane, at infinity and is a constant of 
the motion) we have 


¢-=sin— (Rk sin +(71/V2) Fla, ve), 
¢a=sin— (k sin +(¥1/V2) Fla, Ha), 
where 
¥.=cos™! 
k=sin a=[}(1+7:") 


and F(a, ) is the elliptic integral of the first 
kind. For y;>1 we have 


2/4), 

and sin ]}}. 


(3) 


where 


1 
+30° +60° +90° 


-90° -30° 


Fic. 2. The angle of deflection as a function of the 
angle of arrival, for different energies (expressed in 
stérmers). r-=0.5 for @=0 corresponds to an asymptotic 
orbit for which 


*C. Graef and S. Kusaka, J. Math. Phys. 17, 43 (1938). 


See also, L. A. van Wijk and H. Zanstra, Physica 3, 75 
(1936). 
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Now @ and 7; are related by Stérmer’s equation‘ 
sin (4) 


so that for any given value of r,, x is a function of 
6 alone. 

We have calculated x for all possible values of @ 
(—90° to +90°) and for several values of r,. The 
result is plotted in Fig. 2 where x is given in 
radians and @ in degrees. 


3. 


We shall define the intensity of cosmic radi- 
ation, J, as the number of particles received per 
second per unit area. Then if f(Z) is the energy 
distribution function at infinity, the intensity of 
cosmic rays arriving in the vertical direction at 
the earth when it is considered to be at rest with 
respect to the distribution of cosmic rays is, by 
Liouville’s theorem, 


I=] (5) 
Ko ‘ 


where Ey is the lowest energy the particle can 
have to arrive at the given point of the earth in 
this direction. When the motion of the earth is 
taken into account the intensity is given by*® 


S(E)dE 
6 
(1—8 cos w’)? © 


where £ is the ratio of the velocity of the earth to 
the velocity of light, w’ is the angle between the 
velocity of the earth and the reversed tangent to 


*C. Stérmer, Zeits. f. Astrophys. 1, 237 (1930). This 
paper contains references to his previous work. 

* A. H. Compton and I. A. Getting, reference 1. The lower 
limit of the integral (6), according to W. F. G. Swann ( + 
Rev. 51,718 (1937)), should be Eo/(1+ 8 coswo’), obtained by 
applying a Lorentz transformation to the energy E, of the 
particle at infinity. We are unable to agree with this line of 
reasoning. With respect to the terrestrial observer the 
limiting energy in the earth's magnetic field is EZ, and the 
distribution at infinity is anisotropic, as given by the 
denominator in (6). With respect to the extragalactic 
observer the limiting energy is not E» because the particle 
moves with respect to him in a combined electric and 
magnetic field, and its kinetic en is neither Ey nor is 
it conserved, but the distribution of particles with respect 
to him is of course isotropic. If Swann’s s ion were 
correct, J’, and therefore AIJ/J (Eq. 15), would be indeter- 
minate by the amount 28, since the limiting angle wo’ 
corresponding to the limiting energy Ep is infinite because 
the limiting trajectory described by this particle is asymp- 
totic to the circular \ nao orbit. We are indebted to 
Professor G. Lemaitre for illuminating conversations on the 


correct approach to this problem. 


the trajectory at infinity. From Fig. 3 it is seen 
that 

wo’ =x+o, (7) 
where w is the angle between the velocity of the 


earth and the vertical at the point of observation. 
From the analysis* of Swann, Heitler, Nordheim 


Fic. 3. Diagram of the angles used in the text. 
and others, a likely distribution function of the 


primaries is 
=¢/E*. (8) 


Now the energy in stérmers written in terms of 
the energy of the particle in electron volts is’ 


E 600moc?\* 
(1+ ). (9) 
300 MceZ E 


which for very high energies (E>>moc*) reduces to 


1.=KE}, (10) 
where K is a constant. Hence 
f(E)=K*/rs (11) 
and so 
ar/rs, (12) 
and, from (6), , 
I'=2K*] (1+3£8 cos w’)dr/r', (13) 


where ro is the value of r, corresponding to Epo. 
Thus fo is the least energy for vertical arrival at 
the equator, that is, 500 millistérmers.* Now 


*W. F. G. Swann, Phys. Rev. 50, 1103 (1936); W. Heit- 
ler, Proc. Roy. Soc. Al61, 261 (1937); L. W. Nordheim, 
Phys. Rev. 51, 1110 (1937); 53, 694 (1938). 

(19833 Lemaitre and M. S. Vallarta, Phys. Rev. 43, 87 

*G. Lemaitre and M. S. Vallarta, Phys. Rev. 50, 530 
(1936), Fig. 10. 
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according to Oort,’ 8 is of the order of 0.001 so 
that we may neglect, as we have done in (13), 
squares and higher powers of 8. From (12) and 
(13) we get 


(14) 


Hence the fractional variation in intensity is 


I'-I 


if the primaries were all positive. With an 
exponential distribution of primaries f(Z) =e-** 
instead of (11), and 

Al 


(16) 


under the assumption that all particles are 
positive. In the actual computation the integrals 
(15), (16) were found graphically for several 
values of w with ro=0.5. 


4. 


For a mixture of positive and negative par- 
ticles, we must treat the two components sepa- 
rately. As we have stated earlier, changing the 
sign of the particle merely changes the sign of x. 
Hence, if we assume the same distribution law for 
negative as for positive particles, our result 
obtained for positive particle holds for negative 
particles if the sign of @ is reversed. This follows 
from Eq. (7) and the fact that w’ enters only as 
cos w’ in Eqs. (15), (16). Now if we use the 
subscripts + and — to denote quantities referring 
to positive and negative components of the 
primary radiation, respectively, then what we 
want to find is 


and we know AJ,/J, and AJ_/J_. Now if there 
are m times as many positives as negatives in any 
energy band, then, since the intensity is pro- 
portional to the number of particles 


Al 
J, JIL 


=—. (17) 
I 
$4; yH- Oort, Bull. Astr. Inst. of the Netherlands 6, 155 
(1931). 


Fic. 4. The galactic diurnal variation of Compton and 


Getting. 


Thus the effect of a mixture of positive and 
negative primaries is easily found if the ratio of 
the two components is known. 

From Johnson’s measurements" of the east- 
west and the north-south asymmetries in Mexico 
(A = 29°), the ratio of the positive to the negative 
primaries in the energy band between 400 and 
450 millistérmers has been estimated by Vallarta 
to be about 3 to 1. It is clear that an established 
ratio of positives to negatives in any energy 
interval is not in any way to be interpreted as 
meaning that the same ratio holds throughout 
the whole energy spectrum. Assuming, however, 
that the same ratio holds throughout the primary 
distribution, we may calculate the variation in 
the intensity. We simply put m=3 in Eq. (17). 


5. 


Figure 4 gives the result of this calculation. 
The variation in the vertical intensity is plotted 
as a function of w. This is just the sidereal time 
expressed in angular measure plus a constant 
which is determined from the fact that the 
velocity of the earth according to Oort® is in the 
direction 20 hr. 55 min. right ascension and 
47° N declination. It is found that the zero of w 
corresponds to 20 hr. 40 min. The full curves 
show the percentage variation for positive parti- 
cles alone ; the amplitude is 0.17 percent and the 
maximum occurs at 13 hr. 20 min. sidereal time, 
assuming an inverse cube distribution, and 0.24 
percent, in agreement with van Wijk’s result,’ 
with maximum at 18 hr. sidereal time, assuming 


”T. H. Johnson, Phys. Rev. 47, 91 (1935); 48, 287 
(1935). 
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Fic. 5. The galactic diurnal variation for different values 
of the low energy limit. Inverse cube distribution of 
positive primaries. 


an exponentially decreasing distribution. The 
other two curves show the expected diurnal 
variation if there are three positive primaries to 
each negative, and if there is an equal number of 
positives and negatives (primary radiation as a 
whole neutral), assuming in each case an inverse 
cube distribution. It may be pointed out that if 
the primary radiation as a whole is neutral, the 
amplitude of the expected diurnal variation is 
less than 0.1 percent, for an inverse cube distri- 
bution, and consequently its detection, or alter- 
nately the proof of its nonexistence, requires a 
very careful experimental investigation." It is 


"Whether a diurnal variation depending on sidereal 
time exists or not is a question which does not seem to be 
decided at the time of writing. Forbush’s careful statistical 
analysis of the intensity measurements made with a 
Compton-Bennett automatic recording meter at Huancayo, 
Peru, reported at the University of Chicago's wage 
on cosmic rays (June 30, 1938), which are com le toa 

approximation with the theoretical results reported 

, would not seem to rule out the existence of an effect 
such as would be expected for a primary radiation con- 
sisting of equal number of positive and negative particles 
having an inverse cube distribution. The requirement of a 
neutral radiation, necessary on other grounds, is thus seen 
to be consistent with present experimental evi 
Forbush’s result, however, does seem to rule out an ex- 
ponentially decreasing distribution of primaries, i 

satisfy the condition of being as a whole neutral. Cf. 
S. E. Forbush, Phys. Rev. 52, 1254 (1937). 


also plain that a knowledge of the experimental 
diurnal variation as a function of sidereal time 
would lead to valuable conclusions as to the 
ratio of positive to negative primaries and as to 
their distribution law. 

It should also be emphasized that, as already 
indicated by Compton and Getting, the magni- 
tude of the diurnal variation is smaller than 
would be expected if the deflection of the particles 
in the earth’s magnetic field were neglected, and 
the phase, except for the case of a neutral 
primary radiation, in the sense of equal number 
of positives and negatives, is shifted by a rather 
large amount. For undeflected particles, the 
amplitude of the diurnal variation should be 38 
or 0.3 percent and the maximum should always 
occur at 20 hr. 40 min. sidereal time. 

The effect of filtering off low energy particles 
above the magnetic cut-off is exhibited in Fig. 5. 
It is seen that the effect depends rather con- 
siderably as regards both magnitude and phase 
on the lower limit of the energy if the distribution 
law goes according to the inverse cube. Such is 
not the case for an exponentially decreasing 
distribution, which is rather insensitive to the 
lower cut-off. The possibility of enhancing the 
expected effect by filtering off low energy parti- 
cles, however, should not be overlooked, nor that 
of obliterating it (for r>=0.54) if the number of 
positive and negative primaries is the same. 

The calculation of the galactic rotation effect 
for trajectories not lying wholly in the equatorial 
plane and for latitudes other than the equator is 
rendered considerably more difficult by the fact 
that the equations of motion are then no longer 
integrable. This investigation is being undertaken 
and the results will be presented in a future 


paper. 
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The Nature of the Penetrating Cosmic Rays 
Voitney C. Witson 
University of Chicago, Chicago, Illinois 
(Received November 18, 1938) 


Geiger-Miiller tube experiments have been performed to determine the nature of the cosmic 
rays present at depths of 30 and 300 meters water equivalent from the top of the atmosphere. 
At both of these depths, the observable cosmic rays are penetrating ionizing rays accompanied 
by soft showers. The ratio of the soft showers to the penetrating rays increases with depth. 


N A previous experiment,' cosmic-ray intensi- 
ties were measured at various depths into the 
earth’s crust. When the logarithm of the intensity 
was plotted against the logarithm of the depth, 
one straight line from 20 m to 250 m? and another 
from 250 m to 1420 m seemed to represent the 
data very well. This appeared to indicate that 
there are two types of very penetrating cosmic 
rays; one with a maximum range of about 250 m, 
and one with a much greater range. It was sug- 
gested that the first of these consists of ‘“‘heavy 
electrons”’ and the second of ‘‘neutrinos.’”* 

The present paper is a report of experiments 
which were performed: first, at a moderate 
depth (30 m) to determine the nature of the first 
group ; and second, at a depth greater than 250 m 
(300 m) to determine the nature of the second 
group. The G-M (Geiger-Miiller) tubes used for 
these experiments have copper cathodes nine cm 
in diameter and 71 cm long. A complete descrip- 
tion of these tubes and the coincidence circuit 
used is given in a previous report.! 


EXPERIMENT AT 30 m DEPTH 


The first experiment was performed in a tunnel 
of the Chicago Tunnel Company at a depth of 
30 m. Two absorption curves were obtained; 
one with lead placed between the second and 


?V. C. Wilson, Phys. Rev. 53, 337 (1938). 

* All depths in this report are given in meters water 
equivalent from the top of the atmosphere. 

* Further enco ment for this hypothesis was given 
by the experiment of P. Auger and A. Rosenberg, Comptes 
rendus 201, 1116 (1935), in which they observed only a 
3 percent decrease by 10 cm of lead at a depth of 70 m; 
thus suggesting that the first group consists of penetratin 
ionizing rays; and by the experiment of J. Barnéthy an 
M. Farré, Zeits. f. Physik 104, 744 (1937), who say: 
“At great depths, about 800 m, the ionizing part of t 
cosmic radiation consists only of shower particles produced 
by a nonionizing radiation.” They conclude that this non- 
ionizing radiation consists of “neutrinos.” 


third G-M tubes (See D of Fig. 3), and another 
with lead above all four G-M tubes (See E of 
Fig. 3). 

If all the penetrating rays at any particular 
depth are ionizing rays, then, after correcting for 
small effects caused by showers and scattering, 
the absorption curve with the lead between the 
G-M tubes should be the same as the curve with 
the lead above all four tubes. If all the penetrat- 
ing rays are non-ionizing rays and are detectable 
only by the ionizing secondaries produced, then 
the absorption curve with the lead above all 
four tubes should depend upon the absorption 
coefficient of the primary and secondary rays; 
whereas, the absorption curve with the lead be- 
tween the tubes should depend only upon the 
absorption coefficient of the secondaries entering 
the first G-M tube. (The non-ionizing primaries 
and the secondaries produced in the lead will not 
be detected by the two upper tubes and so will 
not be recorded.) Evidently, then, the ionizing 
rays will show the same absorption curve whether 
the lead is above or between the tubes ; whereas 
the non-ionizing secondary producing ray will 
show much more absorption when the lead is 
placed between the tubes. 

The data obtained are represented in Fig. 1. 
Each point has a probable error (0.67¥N) of 
about 1.5 percent. Except for the point at the 
extreme left, 2.54 cm of lead (not shown in 
diagram) was kept around the two lower tubes to 
shield them from weak shower particles. To 
measure the showers, the second tube from the 
top was moved down 50 cm and to the right 20 
cm. The shower counting rate with only the 2.5- 
cm lead shield was about three percent of the 
vertical coincidence rate, and without the shield, 
about four percent. 
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The curve obtained with lead above ail four 
G-M tubes appears to be below the curve with 
the lead between the tubes. This is probably a 
real difference caused by the fact that the lead 
above the tubes was more efficient in shielding 
the tubes from showers produced in the ceiling 
of the tunnel than was the lead between the 
tubes. This effect is more noticeable at the 
greater depth and will be discussed later. 

The broken line in Fig. 1 represents the absorp- 
tion in equivalent thicknesses of rock' assuming a 
mass absorption. The agreement between the 
two curves is good considering the different ab- 
sorbing materials used and the different solid 
angles subtended by the G-M tubes in the two 
cases. 

Therefore we see that within the probable er- 
rors, the two absorption curves, one with lead 
above all four tubes and another with lead be- 
tween the tubes, agree up to 29 cm of lead. 
Furthermore, the absorption with 11.3 meters 
water equivalent of rock above the tubes is 
about the same as the absorption with 11.3 
meters water equivalent of lead between the 
tubes. One is led to conclude that at 30 meters 
water equivalent from the top of the atmosphere 
there are some showers present,‘ but that the 
large majority of the cosmic rays are penetrating 
ionizing rays—probably barytrons. 


Fic. 2. Arrangements of the G-M tubes to test the 
relative abundance of showers to single ionizing cosmic 
rays. 


EXPERIMENT AT 300 m DEPTH 


The second experiment was performed in the 
Snow Hill Coal Mihe at Terre Haute, Indiana, at 
a depth of 300+ 10.meters water equivalent from 
the top of the atmosphere. This experiment was 
divided into several parts. First, to test the con- 
clusion of Barnéthy and Farré,’ that all ionizing 
rays at great depths are shower particles, five 
G-M tubes were arranged in line and tipped to 
33° from the vertical according to A Fig. 2; and 
this counting rate was then compared with that 
obtained with the three central tubes moved out 
of line as in B Fig. 2. Showers produced in the 
ceiling, 12 feet above the center of the apparatus, 
had about the same probability of being recorded 
with one arrangement as with the other. The 


¢ data are shown in Table I. From twofold and 
@ LEAD LEAD BETWEEN, THE Tunes threefold horizontal coincidence rates, it was 
— —Assonrtion In ROCK calculated that the chance counts were about one 
NSN in 17 days. Arrangement A gave 13 times as 
* IQs many coincidences as B. Therefore, one may con- 
. we clude that at 300 m there are showers present, 
: but that the majority of the coincidences are 
& caused by single ionizing particles. 
TABLE I. The relative abundance of the single ioniging cosmic 
> rays to the cosmic-ray ze: m.* 
ARRANGEMENT | Tie COUNTS PER HOUR 
107 17h 10m 6.23 40.42 
| B 9 24h 10m 0.37 +0.08 
B 13. | 23h 20m] 0.56+0.11 
A 154 26h 25m 5.83 240.32 
Fic. 1. Absorption of the vertical component of the cosmic ~ 
rays present at 30 m. See reference 2. Average A =6.0340.25 ratio A/B=13.142.0 


‘P. Auger and A. Rosenberg have shown that these are 
soft showers. Comptes rendus 202, 1923 (1936). 


Average B=0.46+0.07 


* See reference 2. 
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Fic. 3. Arrangements of the G-M tubes to measure the 
ion of the vertical component of the cosmic 


rays. 


To determine the penetration of these par- 
ticles, an experiment similar to that at 30 m was 
performed. The arrangements of the tubes are 
shown in Fig. 3, and the data are given in Tables 
II and III. It was found that not all of the coin- 


cidences were caused by single rays going through 
all the tubes, but that showers produced in the 
surrounding rock could cause coincidences with- 
out the individual particles penetrating the lead 
between or above the tubes. To correct for this, 
the tubes were moved out of line as is illustrated 
in C’, D’ and E’ of Fig. 3, and the coincidence 
rate thus obtained (Table III) was subtracted 
from the vertical coincidence rate (Table II) to 
give the true coincidence rate caused by single 
ionizing particles. 

The data are represented graphically in Fig. 4. 
At this depth the absorption curve in lead is so 
nearly linear over this short range that it was 
drawn as a straight line. Statistical weights, in- 


’ versely proportional to the squares of the prob- 


able errors, were assigned to these points, and the 
position and slope of the line were determined by 
the method of least squares. The absorption of 
the vertical rays in rock at this depth’ is in- 
cluded for comparison. Since the curve with lead 
between the G-M tubes agrees so well with the 
curve with rock above the tubes, it is quite cer- 
tain that the single ionizing rays are penetrating 
rays, and probably they are the rays which carry 
the cosmic-ray energy down to this depth. In the 


TABLE III. Showers and chance counts for corrections to 


Table II. 
Ss Cm Counts 

ARRANGE-| IN OF PER 

No. MENT cM Ps | Counts Time HOUR 
1 25 0.0 26 1.20+0.16 
2 D’ 25) 24.1 14 |24h 00m) 0.58+0.10 
3 E’ 25) 24.1 17  |33h 50 m| 0.50+0.08 
4+ Sg 101 0.0 8* |44h 22m) 0.18+0.04 
5 D’ 101 | 100.3 2* |20h 30m) 0.10+0.05 


* These counts were made with fivefold coincidence. 


TABLE II. The absorption in lead of the vertical component of cosmic rays present at 300 m.* 


s Cu Counts SHOWERS 
ARRANGE- IN OF PER AND CHANCE 
No. MENT Ps Counts HOUR COUNTS DIFFERENCE I/le 
1 Cc 25 0.0 863 20 9.05 +0.21 1.20+0.16 7.85 +0.26 1.00+0.05 
2 D 25 24.1 378 45h 29 8.31+0.29 0.58+0.10 7.73240.31 0.98 +0.05 
3 E 25 24.1 364 45h 20m; 8.03+0.29 0.50+0.08 7.53240.29 0.96+0.05 
4 Cc 101 0.0 132** OS 1.69+0.13 0.18+0.04 1.51+0.14 1.00+0.13 
5 D 101 100.3 75** |iS7h 40m; 1.30+0.09 0.10+0.05 1.20+0.10 0.80+0.10 
6 D 101 10.1 13°* [11h 20m; 1.15+0.21 0.10+0.05 1,05+0.22 0.70+0.16 
7 D 101 50.8 19** 20m; 1.43+0.23 0.10+0.05 1.33+0.24 0.88 +0.18 
* See reference 2. 


** These counts were made with fivefold coincidence. 
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Fic. 4. Absorption of the vertical component of the cosmic 
rays present at 300 m. See reference 2. 


light of the new theories’ and experiments* on 
the production and penetration of barytrons, it 
seems probable that the majority of the rays at 
300 m are barytrons which are produced in the 
upper atmosphere. 

As was shown in Table I, there are also some 
showers present. In order to determine the pene- 
tration of the individual shower particles, the 
tubes were arranged according to F of Fig. 5. 
The lead between the two bottom tubes was not 
altered, and only the thickness X of the hori- 
zontal piece of lead was varied. At least one ray 
from each shower would have to penetrate the 
thickness of lead X in order that the shower 
could be recordéd. The results are shown in Fig. 6. 
It is apparent that the particles in the showers 
are not penetrating, and that the showers are so- 
called “‘soft’’ showers. The 11.4 cm of lead ab- 
sorbed all the shower rays, but because of the 
large separation of the tubes this does not exclude 
the possibility of the existence of penetrating 
showers with very small angular spread. 

Counting rates were obtained with various 
thicknesses of lead above the shower arrange- 
ment as is shown in G Fig. 5. These data (Table 
IV) also show the presence of soft showers. The 
lead appeared to be either more effective in ab- 
sorbing the showers or less effective in producing 
them than was the rock. Probably, however, this 


apparently large absorption was caused by the 


Sa. A. ‘tes? Compton, Proc. Phys. Soc. London 47, 747 
(1935). 6. T. S. Bowen, R. A. Millikan and H. V. Neher, 
Phys. Rev. 53, 217 (1938). c. W. Heitler, Proc. Roy. Soc. 
— (1938). d. H. Euler, Zeits. f. Physik, 116, 692 
1938 

* M. Schein and V. C. Wilson, Phys. Rev. 54, 304 (1938). 


geometrical arrangement rather than by a true 
difference in the absorption or production of the 
rays in the two materials. For example, the lead 
covered such a small area above the tubes as 
compared with the area of the surrounding rock, 
that the number of showers emanating from the 
lead was small compared with the number of 
showers emanating from the rock. Furthermore, 
the lead was in a position to shield the top tube 
from the showers produced in the rock. The ap- 


Fic. 5. Arrangements of the G-M tubes to measure the 
absorption of the cosmic-ray showers. 


parent rise in the shower rate from 20 cm to 50 
cm may be a false rise which can be explained as 
caused by statistical errors. 

In order to compare shower intensities with 
vertical ray intensities at different depths, the 
arrangement of the tubes and surrounding ma- 
terial must be the same at each depth. Reading 
No. 4 of Table III compared with reading No. 4 
of Table II gives a shower intensity at 300 m of 
12 percent of the vertical intensity as compared 
with four percent for the same arrangement 
at 30 m. At 300 m, in the coal mine, the apparatus 
was set up inside a room with a hemispherical 
ceiling which was about 9 ft. above the apparatus; 
whereas the walls and ceiling of the tunnel at 30 
m were only about 2 ft. from the top of the ap- 
paratus. Considering the different surrounding 
conditions, this change agrees well with the 
change in the relative intensities of showers to 
vertical rays shown in the copper mine experi- 
ment.'! There the shower intensity was four per- 
cent of the vertical intensity at 30 m, and 8 per- 
cent at 300 m. 

No quantitative conclusions can be made from 
these comparisons, but it is significant that the 
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shower intensity decreases less rapidly with depth 
than does the vertical intensity. 

Heitler predicts that barytrons can produce 
soft showers indirectly through intermediate 
photons.* If one assumes that the soft showers 
are produced by the penetrating ionizing rays, 
then to explain the relative increase of shower in- 
tensity with depth one may assume: (1) that 
there is a non-ionizing agent also producing soft 
showers ; (2) that the more penetrating ionizing 
rays are more efficient in producing soft showers 
than are the less penetrating rays ; or (3) that the 
character of the showers, such as angular spread, 
average number of particles in each shower, etc., 
changes with depth in such a way that the 
showers at greater depths have a greater proba- 
bility of being recorded. 

Auger and Rosenberg’ found that ten cm of 
lead absorbed seven percent of the rays at 29 m 
depth, and three percent at 70 m. Grivet-Meyer’ 
reported that 10 cm of lead between the G-M 
tubes absorbed 6.5 percent of the rays at 30 m. 
From Fig. 1 it may be observed that ten cm of 
lead between the tubes absorbs 7.4 percent of the 
rays at 30 m. All of the above values are in good 
agreement. The absorption by ten cm of lead at 
60 m as taken from Nielson and Morgan’s® curve 
is about 25 percent. This unusually high absorp- 
tion by the first ten cm of lead is inconsistent 
with the above-mentioned data, but since the 
latter experiment was done with only twofold co- 
incidence, it is probable, as Neilson and Morgan 
suggest, that many showers were counted as 
vertical rays, and so the first part of the curve is 
actually an absorption measurement of the 
shower particles at 60 m depth. To the writer's 


TABLE IV. Cosmic-ray showers under lead at 300 m.* 


Cu Counts 
ARRANGE- OF PER 
MENT Ps Counts Time HOUR 

G 0.0 13 2th 30m! 0.60+0.11 

G 2.54 12 23h 43 m | 0.51+0.10 

G 20.3 7 24h 10 m| 0.29+0.07 

G 50.8 9 23h 00 m | 0.39+0.09 
* See reference 2. 


1 T. Grivet-Meyer, Comptes rendus 206, 833 (1938). 
(1980). M. Nielson and K. Z. Morgan, Phys. Rev. 54, 245 
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Fic. 6. Absorption of the cosmic-ray pam present at 
300 m. See reference 2 


knowledge no similar experiments have been per- 
formed at 300 m. 


CONCLUSION 


The experiments of the present report indicate 
that there is not a marked difference in the type 
of rays present at 30 m and 300 m, and that the 
plot of the logarithm of the intensity against the 
logarithm of the depth would be better repre- 
sented by a smooth curve with a gradually 
changing slope than by two straight lines with a 
sudden change at 250 m depth.' 

At both 30 m and 300 m the observable cosmic 
rays are penetrating ionizing rays accompanied 
by soft showers, which are relatively more 
abundant at the greater depth. 

In conclusion, the writer wishes to express his 
sincere appreciation to Professor A. H. Compton, 
not only for suggesting this problem but also for 
his generous assistance and valuable discussions. 
The writer is indebted to Mr. J. F. Peterson and 
Mr. James Healy of the Chicago Tunnel Com- 
pany ; and to Messrs. James Hyslop, A. K. Hert, 
Harold Lowry, Fred Bieler, Andrew Hyslop and 
Andrew Hyslop, Jr. of the Snow Hill Coal Com- 
pany for their kind interest and excellent co- 
operation; and to Dr. Marcel Schein for his 
helpful discussions. 
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A Critical Analysis for Sidereal Time Variations of Cosmic Rays on the Pacific 


L. THompson 
Ryerson Physical Laboratory, University of Chicago, Chicago, Illinois 
(Received November 7, 1938) 


The problem of distinguishing a true sidereal diurnal variation in cosmic-ray intensity from 
a seasonal change in the amplitude of the solar diurnal variation is approached from thé stand- 
point of the harmonic dial type of analysis. It is shown that the regular cyclic arrangement of 
the datum points taken in chronological order serves as a criterion for the presence of the sidereal 
time variation. Cosmic-ray data taken on the Pacific Ocean during 1936 by A. H. Compton and 
R. N. Turner are shown to contain no sidereal diurnal component larger than the experimental 


error. 


HE search for evidence as to the reality of a 
periodic change of intensity of cosmic rays 
according to sidereal time is made difficult by the 
presence of the much larger solar diurnal vari- 
ation. The appearance of a sidereal diurnal 
variation upon formal analysis of a series of data 
by no means assures one of its reality. As has 
been pointed out by Messerschmidt,' if there is a 
seasonal variation in the amplitude of the solar 
diurnal wave, then when averaged over a period 
of a year according to sidereal time there will 
appear a residual variation from this cause 
having no connection with a true sidereal time 
period. In discussing this problem at the 1938 
Chicago Cosmic-Ray Symposium, however, S. E. 
Forbush indicated that it should be possible, by 
the use of the harmonic dial type of analysis, to 
detect the presence of a true sidereal variation if 
it is greater than the experimental error.’ 


Tue IpEAL Harmonic DIAL 


In this type of analysis, considering only the 
first harmonic or 24-hour wave, one determines 
from the data of one day or a small group of days 
the amplitude and phase of the variation by the 
usual Fourier analysis. The tip of an imaginary 
hand on a 24-hour clock dial, pointing to the hour 
of maximum and having its length proportional 
to the amplitude, serves to locate a point on the 
dial which represents these data. This is done 


1W. Messerschmidt, Zeits. f. Physik 78, 682 (1932). 

2A.H. ig: ony and I. A. Getting [Phys. Rev. 47, 817 
(1935)] eee t a a distinction can made between a 
sidereal period and a seasonal variation of the solar period 
by comparing the phase of the soepeent sidereal effect in 
the northern and southern hemispheres. The method here 
used has the advantage that it does not require data from 
more than one station. 


for each day or group of days and these points 
then form a cloud whose mass center will 
indicate the mean time of maximum and the 
mean amplitude.’ 


Solar component of constant amplitude 

Consider now the type of dial to be expected 
from an ideal case of solar diurnal variation of 
constant amplitude 


2nt 
¢ sin +a), 
T; 


where ¢ is the time in solar days and a is the phase 
angle. 7;, the period in solar days, is, of course, 
unity. In this case, by use of a solar time dial, all 
of the points will be found to be coincident and 
the cloud will consist of but one point which lies 
at a distance ¢ and angle 7/2 —a from the origin. 
On the other hand, if there is present only a 
sidereal diurnal variation of constant amplitude 
represented by 


2nt 
h sin Tt) 


where 7; is the sidereal period in solar days, ¢ has 
the same significance as before, and 8 is the phase 
angle, the points will fall on a circle of radius h 
concentric with the dial. Combining these two 
variations and expressing in terms of frequency 
rather than period we have 


=c sin +h sin 


where », and »2 are the frequencies in periods per 


* For a comprehensive discussion of the harmonic dial as 
used in geophysical and cosmical problems see J. Bartels 
(a) Terr. Mag. 40, 1 (1935); (b) Terr. Mag. 37, 291 (1932). 
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Fic, 1. Periodicities plotted on solar time dial. (a) Com- 
bination of solar diurnal and sidereal diurnal variations 
each of constant amplitude. (b) Combination of solar 
diurnal variation of harmonically varying a — with 
sidereal diurnal variation of constant amplit 


solar day corresponding to the periods 7, and 7>. 
Since these frequencies are nearly equal we may 
write v2=»:+y so that the expression for the 
total variation becomes 


=c sin a) +h sin 


» is small compared to »; and to a first approxi- 
mation what is represented is the sum of two sine 
curves of equal frequency but with their relative 
phases varying slowly with the period 1/y. If an 
arbitrary time origin is chosen, the amplitude of 
the resultant diurnal variation will be a maxi- 
mum and equal to when a= 2ryt+ 8. When 
the amplitude will have a mini- 
mum value of c—h. This will appear on the 
harmonic dial as a vector of amplitude / re- 
volving with a period of 1/4 solar days about the 
end point of ¢, as shown in Fig. 1(a). As u.= 1/365 
this rotating vector will complete one revolution 
in a solar year. The resultant vector representing 
the combination of the two variations will there- 
fore show a seasonal phase shift as well as a 
seasonal change in amplitude. The maximum 
shift of phase will be + arcsinhk/c. If data 
representing this type of variation are plotted on 
a solar time dial the points will progress regularly 
around the circle in a counter-clockwise direction. 
This regular cyclic order of the plotted points is 
an important characteristic. 


Solar component with seasonal amplitude vari- 
ation 


To investigate the effect of a seasonal variation 
in the amplitude of the solar component let 


THOMPSON 


2xt 2nt 
Ts; T; 


represent a harmonic variation of period 7, with 
an amplitude varying with a period 7. Bartels‘ 
has pointed out in a similar connection that this 
is equivalent to three harmonic variations of 
slightly different periods, 


2nxt 
=c sin +#sin (= 


2xt 2nxt 
+k sin 4a). 


1 3 
If T73=nT;, this simplifies as follows: 


2xt 


Ti : nT, nT, 


2rnt 2nt 
+a= + 
nT,/(n—1) 


and similarly 


2nxt 2nt 
T, nT, nT,/(n+1) 


Thus there appear variations of three different 
periodicities, 7,, (n/n—1)7T, and (m/n+1)T7,. In 
the particular case under discussion n= 365, so 
that periods appear of 1 solar day, 365/364 solar 
days and 365/366 solar days. This latter period is 
one sidereal day which thus in a purely formal 
manner appears from the analysis of a seasonally 
varying solar component. On the harmonic dial 
these two extra periodicities appear as vectors of 
amplitude & revolving in opposite directions with 
the period 7; (one solar year) around the end- 
point of the solar amplitude vector. It should be 
noted that there is no seasonal variation of 
phase introduced thereby, only variation in 
amplitude. 

If the seasonal amplitude variation of the solar 
pis. even and the sidereal component are both 


“3  ahiiaas A8 of reference 3(a). The discussion b 
G. MeN ich Frank, Inst. 215, 697 (1933) suggests 


aaa somewhat similar to that here 
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present the resulting variation could be expressed 
by 


f)=csin (=+«) +hein 


+h si ( +8) 
sin ( 
nT,/(n+1) 

Since the period of the sidereal wave will be the 
same as the period of one of the components of 
the seasonal variation, these may be added 
together to give a single harmonic component of 
the total variation. The discussion from this 
point is considerably clarified by following it in 
terms of rotating vectors on the harmonic dial. 

Let the tip of the constant vector ¢ in Fig. 1(b) 
be the pole, with the polar axis in the direction 
of c, and let k be the common amplitude of the 


oppositely rotating vectors k, and k;, with 


position angles of ¢ and —¢ together representing 
the seasonal amplitude variation of the solar 
diurnal wave. The sidereal diurnal wave is 
represented by a vector of amplitude A and 
position angle ¢+ 4. The periods are all one solar 
year and the time origin is chosen so that ¢=0 on 
the date of the maximum amplitude of the solar 
diurnal variation. 

The sidereal diurnal vector h and the vector 
k, rotate in the same direction at a constant 
angle 6 with each other, and may be combined into 
one vector r of amplitude r= (h°+®+ 2hk cos 5)! 
at an angle @=arctan (h sin 5)/(k+h cos 8) with 
k,. We have then two vectors h+k, and k, 
rotating in opposite directions with the same 
period, having unequal amplitudes and being at 
an angle @ when ¢=0.5 When ¢=—4@ or 
¢@=n—40 these two vectors will be parallel and 
give a maximum displacement from the fixed 
end-point of c. When ¢=2/2—46 or ¢=3r/2—40 
the rotating vectors are antiparallel and the 
displacement from the end-point of ¢ is a mini- 
mum. This fixes the positions and magnitudes of 
the major and minor axes of the ellipse traced 


Stumpff, Grundlagen Methoden der Periodenforschung 
(Springer, 1937), pp. 129-132. 


out by the resultant of both rotating vectors, 
semi-major axis 
(h?+k?+ 2hk cos 5)'+k, 
semi-minor axis 
(h? +k? + 2hk cos 5)'—k, 
angle between major axis and c 
arctan (h sin 5)/(k+A cos 4). 


A straight line locus will be obtained when 
the minor axis is zero, that is, when 
(h?+k?+ 2hk cos )'=k. Solving this expression 
for 6 gives 6=arccos (—A/2k). This is possible 
only for 7/2<é<3r/2 since h and 2k are the 
amplitudes of the sidereal diurnal wave and the 
seasonal wave, respectively, and essentially posi- 
tive. If 6=0 the major axis of the resultant 
ellipse will be parallel with c. The semi-major 
axis will then have a length 4+2% and the semi- 
minor axis h. In any case there will be a seasonal 
variation in phase as well as in amplitude, and 
when datum points are plotted they will lie in 
chronological order around the ellipse or along the 
straight line. Except when (h?+ 2hk cos 8)'<k 
the ellipse will be described in the counter- 
clockwise direction. 


Distinction between real and spurious sidereal 
diurnal variation 


We see from the foregoing that in the case of a 
simple seasonal variation in the amplitude of the 
solar diurnal vector, there is no variation in 
phase, only variation in amplitude on the har- 
monic dial despite the appearance of two extra 
periodicities in the analysis. If a sidereal diurnal 
variation is present, alone or in conjunction with 
a seasonal variation in the solar amplitude, 
variation in phase is always introduced, and the 
plotted points taken in order will always have a 
cyclic arrangement. Formal analysis in this case 
will show two extra periodicities which will in 
general be of different amplitude. 

This form of analysis should give definite 
evidence as to the presence of a true sidereal 
diurnal component even in the presence of a 
seasonal variation of the amplitude of the solar 
component, a case which the familiar method 
fails to distinguish clearly. With seasonal and 
sidereal diurnal variations of exactly equal 
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Fic. 2. Solar time dial for 1936 cosmic-ray data from the 
Pacific Ocean. = pe circles, 3-4 day means: heavy circles, 
all data — to - chronological order. (Data from 
Compton and Turner.) 


amplitude and opposite phase (i.e., the date on 
which solar and sidereal diurnal maxima occur 
together is the date for the minimum in the 
seasonal variation) we would find, not a canceling 
of the twoeffects, but a straight line perpendicular 
to ¢ the mean amplitude vector of the solar 
diurnal variation. The orderly progression of the 
datum points along this line would distinguish it 
from a mere statistical scatter in phase. 


Tue ActuaL Harmonic DIAL 


Passing from these ideal cases in which we have 
assumed no statistical fluctuc.ions to the actual 
case, we can expect that the larger the relative 
importance of the statistical fluctuations, the 
more ill defined the cyclic figures will become. 
When they reach such magnitude that, the figure 
becomes a random pattern, we can be sure that 
no sidereal diurnal variation exists which can be 
distinguished reliably from a seasonal variation 
in the amplitude of the solar component. In this 
case, if the computed probable ellipse for the 
cloud shows a pronounced eccentricity with its 
major axis approximately in the direction of the 
solar amplitude vector we can say that a seasonal 
variation in the amplitude of the solar component 
is indicated, but can draw no conclusion regarding 
the reality of a sidereal diurnal variation except 
that it must be smaller than the probable error of 
the solar variation. 


APPLICATION 


The method of analysis outlined above has 
been applied to data gathered on the Pacific 
Ocean by Compton and Turner over a period of 
about 11 mnths. In view of the fact than an 
analysis of these data shows no significant change 
in the solar diurnal variation of intensity with 
geomagnetic latitude,* the data from various 
latitudes have been combined and examined as a 
whole for possible evidence of a sidereal time 
variation. 

That portion of the data covering the trips 
between Vancouver and Auckland was used to 
compute the constants of the first harmonics of 
63 diurnal variation curves; each combined data 
from three or four days. When plotted on a solar 
time dial as shown in Fig. 2, a mean amplitude of 
0.23 percent is found, with the maximum 
occurring at about 14 hours. The major axis of the 
probable ellipse lies within 23° of the mean 
amplitude vector. Since, however, the ratio of the 
axes is but 1.17, no predominant variation in 
either amplitude or phase is conclusively demon- 
strated. To examine the cloud for cyclic arrange- 
ment of the points, time averages are so taken 
that all the data are represented by six points. 
These six points when plotted show an irregular 
figure-eight pattern in which the phase variations 
are random but the variations in amplitude 
follow a consecutive order. To be sure that 
combining data from various latitudes has not 
masked the effect sought, dials are shown in 
Fig. 3 for three latitude zones and in each case 
the random arrangement of the points is evident.’ 

The probable error in phase of these points is 
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Fic. 3. Pacific Ocean data (1936) by latitude zones. 
(b) 10°N-10°S, (c) 10°-40°S, geomagnetic 
titude. 


. L. Thompson, Phys. Rev. 54, 93 (1938). 

t will be ued that the data from the equatorial zone 
onal a rough figure eight. If real, this would mean a 
sidereal 12-hour period. The statistical variations of the 
points are however so great as to make this indication of 
doubtful significance. 
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roughly one hour and phase shifts of about this 
magnitude would be necessary in order to restore 
the points to a cyclic arrangement. The estimated 
probable error of phase of one hour corresponds 
to a probable error in amplitude of 0.06 percent. 
Within such a probable error, therefore, the 
present data indicate no significant sidereal 
diurnal variation. There is however, in the 
consecutive order of the points according to 
amplitude, a rather strong indication of an annual 
change in the amplitude of the solar diurnal 
variation. 

The most specific theory which would predict a 
sidereal time variation of cosmic rays is that of 
Compton and Getting,’ according to which the 


motion of the earth with the rotation of the 
galaxy results in a slight excess of cosmic rays 
from the direction of motion. According to a new 
calculation by Vallarta, Graef and Kusaka (in 
this issue, page 1), the amplitude of the sidereal 
time variation from this cause should be about 
0.15 to 0.2 percent, roughly twice as great as 
estimated by Compton and Getting. The present 
analysis thus gives significant, though not 
conclusive, evidence that the sidereal diurnal 
variation is less than demanded by this theory. 

The writer wishes to acknowledge his in- 
debtedness to Professor A. H. Compton for 
calling this problem to his attention and for his 
very helpful criticisms of the discussion presented. 
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The development of the theory of the penumbra is given, and a few examples of penumbral 
trajectories are shown. Pairs of values of the energy and latitude having penumbral regions 
are indicated. Two methods of analyzing the data obtained by means of Bush's Differential 
Analyzer are given; the first yielding the allowed directions for just one type of penumbral 
orbit over all latitudes and for one energy; the second giving the whole penumbra for one 
energy and one latitude. The energy chosen in each case was r=0.425 stérmer (1.08 X 10" ev 
for electrons). By means of the second method, the almost complete allowed cone is obtained 
for this energy and for a geomagnetic latitude of 20°. 


I. DEVELOPMENT OF THE THEORY 


E ARE concerned in this paper with the 
general problem of the motion of a 
charged, primary, cosmic particle in the field of 
the earth's magnetic dipole, and, in particular, 
with the determination of allowed and forbidden 
directions in the “‘penumbra,”’ i.e., the region 
between the Stérmer cone and the main cone, in 
the terminology adopted by Lemaitre and 
Vallarta." 
Since, according to Lemaitre and Vallarta, the 
immediate problem is reduced to that of de- 
termining the allowed incident directions at a 


1G. Lemaitre, M. S. Vallarta and L. Bouckaert, Phys. 


Rev. 47, 435 (1935). 
?G. Lemaitre and M.S Vallarta, Phys. Rev. 49, 719 


(1936). 


given point, two angles, » and @, are used for the 
presentation of the final results.? If the inter- 
section of the ray with a unit hemisphere erected 
at that point be projected on the horizontal 
plane, the coordinates of the point of projection 
will be sin@ and cos@siny. This horizontal 
projection affords a two-dimensional picture of 
all the spatial directions permitted at a point 
and is the method adopted by Lemaitre and 
Vallarta for presenting their analyses. It is the 
one used in this paper, and will be referred to as 
the cone diagram or cone projection. 
By means of the equation 


tan 7» =dd/dx (1) 
the angle* » can be determined from the solutions 
* For the necessary definitions see reference 2. 
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of the differential equations? of motion in the 
meridian plane obtained directly from Bush's 
Differential Analyzer. 
The angle @ is obtained from Stérmer’s® 
formula : 
2yi7—cos? 
+sin (2) 
r? cos X 
where the positive sign is to be used for positive 
particles, and the negative for negative particles.’ 


Fic. 1, The size and position of the cone diagram varies 
with r and 


From Eq. (2) it is seen that for a given r and 
\ the angle @ varies with y,; thus by using this 
equation one can regard » and 7; instead of 7 and 
6 as the two variables concerned for constructing 
the cone diagram. Since sin@ can only have 
values from +1 to —1, there is just a limited 
range of y,’s of significance in defining the cones 
for a given (r, \), as shown in Fig. 1. Since the 
ordinate of the cone projection varies with » 
and the abscissa with y,, each pertinent value of 
7: and all » directions must be investigated in 
order to find allowed and forbidden directions. 

For 7:21, Stérmer® showed that, for energies 
below r= 1 stérmer* (5.96 X 10"° ev for electrons), 
all values of » are forbidden directions. These 
directions are all outside a circular cone with 
axis along the east-west line, which cone is 
referred to as the Stérmer cone. 

For values of y; between 0.78856* and 1, 
Stérmer's allowed and forbidden regions in the 
meridian plane are so shaped that the part in the 
vicinity of the earth is joined to infinity by a 
pass, narrow for 7; just less than one, and wider 
as ; decreases. Stérmer® has shown that there 
exists a family of periodic orbits guarding this 
Pass. Lat Later Uemaitre’ proved that these orbits 

~¢V. Bush Bush, J. Frank. Inst. 212, 447 =. 

8c, Stérmer, Zeits. f. Astroph 237 (1930); Oslo 
Univ. Observatory, Publication. 16. 1934. References 
to his previous work in poo of these. 

* The recent Godart, Ann. Soc. Sci. de 
Bruxelles 58, of (1938) 1938), mee that this value of "1 


should be 0.788541. 
7G. Lemaitre, Ann. Soc. Sci. de Bruxelles 54, 162 (1934). 


are unstable. Somewhat earlier Lemaitre and 
Vallarta* had shown that the family disappears 
for 7: <0.783, a result which was later refined by 
Lemaitre® to 7; <0.78856. Each member (one for 
each ¥;) of this family of unstable periodic orbits 
admits a family of orbits asymptotic to it, which 
has been discussed by Lemaitre and Vallarta,’ 
and Schremp" in connection with the main cone. 
For Lemaitre and Vallarta have shown that not 
only is there a Stérmer circular cone outside of 
which no directions are allowed, but contained 
within this cone there is an irregular one, called 
the main cone, inside of which all directions are 
allowed. All of the directions contained within 
this main cone represent angles of incidence for 
dynamic paths coming directly from infinity 
(i.e., each path does not loop on itself in the 
meridian plane before hitting the earth; these 
are the nonreéntrant orbits referred to by 
Schremp"’). It is the family of asymptotic orbits 
mentioned above that determine part of the 
boundary of the main cone. 
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Fic. 2. A few types of reéntrant (penumbral) orbits. The 
would be re by a straight, vertical line, 
ition wit pve ov dha to each orbit would be deter- 

seed mined byt he energy considered. 


” 06 Lem Lemaitre, M. S. Vallarta, Phys. Rev. 43, 87 (1933). 
The A ed the magnetic field should be changed. 
maitre, Ann. Soc. Sci. de ono 194 (1934). 
Phyo Rev. 153 (1938). 
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However, if the orbit coming from infinity 
loops on itself one or more times (is reéntrant'® 
one or more times) before reaching a given point 
on the earth, its direction of incidence will fall 
between the main cone and the Stérmer cone in 
the region called ‘‘penumbra’”’ by Lemaitre and 
Vallarta.* 

The first trajectory in Fig. 2 illustrates the 
simplest type of penumbral orbit possible, i.e., 
having just one loop or reéntrant section.'® A few 
examples of relatively simple orbits, having two 
reéntrant sections, are also shown in Fig. 2; 
more involved trajectories have more and more 
loops, their number increasing to infinity. Such 
examples are not easy to exhibit. Because the 
nonasymptotic orbits follow the pattern of the 
asymptotic ones, it is possible to build types of 
permitted penumbral orbits without the direct 
use of the Differential Analyzer, once the 
general outline of the system of envelopes of the 
asymptotic orbits is known. This system of 
envelopes was obtained by Lemaitre and 
Vallarta’ and qualitatively extended by Schremp 
a few years ago, and the predictions made on this 
basis were in all cases verified by the runs of the 
machine. Although the actual quantitative re- 
sults, such as the values of 9 and @, must be 


COMPLETE LIGHT COMPLE TE 
EXCEPT FOR SHADOW CONE OF SCHREMP DARKNESS 
— 

BOUNDARIES HERE 


Fic. 3. The dependence of the allowed cone 
boundaries on ¥;. 


obtained from the Differential Analyzer, the 
understanding enabling one to make these pre- 
dictions is necessary both for the efficient use of 
the Differential Analyzer, and for gleaning 
quantitative results from the machine curves. 
Besides the principal periodic orbit guarding 
the pass, called the ‘outer periodic orbit,” there 
is, closer to the dipole, another one called the 
“inner periodic orbit,”’ whose existence was first 


shown by Stérmer. Led by inspection of 
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Fic. 4. Energy limits for the existence of penumbra. 


Stérmer’s results Schremp'® proved that all 
reéntrant sections, which constitute the dis- 
tinctive feature of penumbral orbits, must cross 
the equator between the inner and outer periodic 
orbits. It has been proved that as the value of +; 
decreases from 1, these two orbits approach each 
other (the outer moving in faster than the inner 
moves out), until they coalesce for y;=0.78856 
and then disappear for all smaller values of +. 
It follows (Schremp) that the asymptotic and all 
the penumbral orbits occur only in the range 
0.78856 <y,<1, (Fig. 3). For values of y; below 
this range particles reach the earth for all values 
of » within the shadow cone obtained by Schremp" 
which extends to values of y; < 0.78856. 

It should be remembered that for each pair of 
values (r, \) there is a limited range of pertinent 
values of y; (Fig. 1). In fact for each latitude 
there is but a limited range of energies for which 
7: lies in the range where irregularities exist in 
the allowed directions of incidence. It is in this 
limited range of energies that the north-south 
and the east-west asymmetries occur. In the 
lower graph of Fig. 4 all of the (r, 4) combi- 
nations having this property lie between the two 
solid curves; all the pairs of values of (r, 4) below 


 E. J. Schremp, Phys. Rev. 54, 158 (1938). 
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Fic. 5. A direction of darkness at point P. 


and on the lower curve have their cone diagrams 
in complete darkness, while all those on or above 
the upper curve have 7;’s less than 0.78856. At a 
constant latitude, A, the pertinent range of 
energies can be read from this diagram. 

As pointed out by Schremp,'® the impenetra- 
bility of the earth is an important factor for 
determining the penumbral bands. In the (x, A) 
plane (conformal map of the meridian plane) it 
will be recalled that the earth is represented by 
vertical straight lines; hence whenever there are 
minima and maxima of x along a trajectory there 
is a possibility of blocking it out by the earth. 
Fig. 5 illustrates this for the simplest type of 
penumbral orbit. Because of the continuity with 
respect to the initial conditions, and of the 
consequent gradual deformation of the shapes of 
the trajectories, whole sections of a given type of 
orbit will be cut out by the earth’s line (see also 
Fig. 8). This means a banded structure of the 
penumbral regions. 

Experience with the solutions indicates that 
each orbit coming from infinity and having one 
or more loops or reéntrant sections, must have a 
minimum of x somewhere behind the Fy envelope 
of the asymptotic orbits. (This envelope has been 
described by Lemaitre and Vallarta ;* its position 
varies with y;. An example is shown in Fig. 7.) 
The conclusion to be drawn from this, first 
pointed out by Schremp'® (Theorem 7), is that 
all the values of x, and therefore r, greater than 
that of the highest value of x on this envelope 
must have the penumbra completely dark for 


that and higher values of y;. This y:, above 
which the penumbra is dark, is called the Fo 
cut-off. The upper diagram of Fig. 4 shows the 
Fy cut-off for all values of r, as obtained from a 
study of the trajectories traced by the Differ- 
ential Analyzer. This indicates that at least all 
the energies above r=0.7 stérmer will have the 
entire penumbra dark, as carried over into the 
lower graph. For energies between 0.7 and 0.414 
stérmer the indicated values of y, are the highest 


Fic. 6. The pencil of reéntrant orbits at a point on the 
equator. 


ones for which there can be any “‘light’’ in the 
penumbra. It amounts to an extension of the 
region of complete darkness to y;’s less than 1 for 
the penumbra, but does not affect the main cone. 


II. ANALYSIS OF THE RESULTS OBTAINED WITH 
THE DIFFERENTIAL ANALYZER 


Three distinct programs, representing three 
methods of attack, were planned in succession 
for the work done with the help of the Differential 
Analyzer in the winter and spring of 1937. 
Although the first two were invaluable from the 
standpoint of gaining familiarity with the tra- 
jectories, it was the third approach which yielded 
the numerical results reported here.” This de- 
pended on the application of Schremp’s result 
that all reéntrant sections must cross the equator 
between the inner and outer periodic orbits. 


Description of the third program 


Passing through each point along the equator 
between the inner and outer periodic orbits there 
12 More details can be obtained from the author's Ph.D. 


thesis, R. Albagli, Massachusetts Institute of Technology, 
December, 1937. 
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are two self-reversing (at the points A of Fig. 6) 
orbits, the consequence of which is that tra- 
jectories to the right of A will turn out toward 
the pass, while those to the left will turn in 
toward the dipole. Thus any section of an orbit 
passing through the point xo, within the angle a, 
will turn in at both ends and be a reéntrant 
section. The angle a is zero at the equatorial 
points of both periodic orbits, and has a maxi- 
mum near the middle of the interval D. 

All reéntrant orbits can be generated by 
starting at different points along the equator, for 
each y;, and varying the initial angle, 9’, through 
the angle a at that point, making it theoretically 
possible to get a complete picture of the pe- 
numbra. The angle between the tangent to the 
trajectory at the equator and a parallel to the 
\-axis is called n’. In practice, intervals of the 
distance along the equator, intervals of the angle 
a, and intervals of the values of y; had to be 
chosen, so that the completeness of the results 


Tasie I. Values of a/2 in radians. 


yo yi = 0.99 0.97 0.93 0.89 0.85 0.82 
0.07 | 0.430 0.027 
13 575 0.500 


‘47 180 


71 062 
87 ‘029 


05 125 047 
07 154 
‘08 025 


yo im=099 097 O95 093 O91 O90 O89 O88 
0.05 0.285 0.173 0.130 
10 430 0.355 29 2 0.188 
.20 0.638 413 32 270 
30 710 622 522 447 370 =.307 (0.264 
35 310 267 
45 A447 368 304 
50 634 525 437 337 291 
593 480 319 259 
70 $25 266 
80 405 304 240 190 148 
82 
234 158 .123 099 078 
925 095 


Fic. 7. A family of trajectories as obtained directly from 
the Differential Analyzer. The number beside each curve 
is the value of ¢o. 


depended on the ability to interpolate between 
the machine curves for each of these variables. 
The quantity yo, where 


yo= (| x0] +|d])/D, 


was used to specify the starting point, i.e., yo is 
the fraction of the distance D (Fig. 6) that the 
starting point is away from the inner periodic 
orbit. For each yo, curves were run at different 
initial angles n’; however, instead of designating 
the orbit by 7’, the quantity ¢o was used, 


ha, 


where a/2 is the angle of the self-reversing orbit 
with a parallel to the \-axis. When the program 
was begun the first orbit traced at a point, yo, 
was the one for which 9’=0°. Then 9’ was 
increased till the self-reversing orbit was ob- 
tained. This determined the angle a/2, after 
which orbits were generated over this range of 7’, 
but for negative values of the angle. Later when 
good estimates could be made of the value of a/2, 
this was first determined at the given yo, and the 
other trajectories developed were those for which 


i! 
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Fic. 8. Illustrating how the asymptotic orbits (solid 
curves) bound a given type of orbit when the impenetra- 
bility of the earth is not co . 


go=0.0, +0.2, +0.4, +0.6, and +0.8. A par- 
ticularly simple example of one of the families of 
curves traced directly by the Differential Ana- 
lyzer is given in Fig. 7. Each orbit is indicated by 
its $o, and, because of the symmetry about the 
equator, each positive value represents the con- 
tinuation of the trajectory of the corresponding 
negative value. This is an example of a family for 
constant 7; and yo, but different ¢o. 

By taking these same curves and grouping 
them into families of constant y; and ¢o, but 
varying yo the same types of envelopes are 
obtained, permitting interpolations as above. 
Still a third group of families is formed by 
varying 7; while keeping yo and @po fixed. 

Since there are three ways of interpolating, 
starting points were taken rather far apart (far 
considering the extreme complexity of the curves, 
the rapidity with which they vary for points 
close to the outer periodic orbits, and the total 
number of +;’s involved) in the hope that all the 
necessary data could be assembled within a 
reasonable time. Tables I and II indicate all of 
the data on which the final numerical results 
presented here depend. The 7,’s are listed across 
the top, and the yo’s in the first vertical column. 
The numbers in the other columns represent the 
values of a/2 in radians. At least ten runs were 
made at each chosen point. 

To analyze the data it is important to realize 
that the region over which a given type of orbit 
(characterized by the number of reéntrant sec- 
tions) extends is bordered on all sides by asymp- 
totic orbits ; a typical example is shown in Fig. 8. 
The lines marked Fy’ and F;,' are the envelopes of 
the asymptotic orbits. The two orbits drawn in 
full lines emanating from the point P are asymp- 


{7 N=0425 ¥=0.69 


‘Simecest Tyee” Pewumann 


ft VAX 
3+ 


120.425 
Si Tyee” Penymanr 
50” 390° 


Fic. 9. Penumbra regions obtained by means of the first 
method of analysis. 


totic orbits since they are tangent to Fy’ and 
F,’. The nonasymptotic orbits between them, 
two of which are drawn in dotted lines, bounce in 
the region between the asymptotic envelopes, 
and all go directly to infinity ; any nonasymptotic 
orbits not included between the asymptotic ones 
will have at least one more réentrant section. 
However, if the energy is such that the earth 
line through the starting point P intersects the 
region between Fy’ and F;’ it is obvious that all 
orbits bouncing to the left of this line will be 
blocked by the earth. Thus in this case the 
regions of “‘light’’ will be bounded on one side by 
asymptotic orbits, and on the other by non- 
asymptotic trajectories of the second kind. 


First method of analyzing machine data 


The first program led to the conjecture that 
the simplest type of penumbral orbit (first one of 
Fig. 2) would contribute the most “light;” 
therefore it was decided to try to outline these 
regions first, by determining the appropriate 
asymptotic orbits and orbits of the second kind, 
as already discussed. 

Altogether there were six variables to be 
considered: r, A, 7, Y1, ¢0 and yo. After some 
consideration the energy chosen was r=0.425 
(1.08 X 10"* ev for electrons). The simultaneous 
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values of » and 2 for all of the pertinent orbits 
were plotted, after which those (n, 4) combina- 
tions for allowed directions on the earth had to be 
determined. In order to find the limits of this 
patch of “light” by means of the continuity with 
and yo, the (», A) diagrams were graphed in 
two distinct ways: (1) Cy,, wherein y; was 
constant, and the lines of equal ¢» and of equal yo 
were drawn; (2) C¢,, wherein ¢9 was constant, 
and the lines of equal y; and yo were drawn. 
With the aid of the three ways of grouping the 


curves mentioned above, the “light” region was 
outlined. An example of the C,, diagrams is 
given in Fig. 9 for two i's, where the shaded 
areas are regions of light. Because of the double- 
valuedness of parts of the region, the corre- 
sponding shaded areas on the Cs, diagrams 
cannot be easily shown. 

When the C,, diagrams for 7; = 0.89, 0.91, 0.93, 
0.95, and 0.97 were completed, it could be seen 
that the range of latitudes for which most of the 
simplest type penumbra occurs is from 10° to 30° 


Fic. 10. To form this example of an »-di m, the curves emanating from a point were obtained 
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for r=0.425. But it is to be remembered that this 
refers to just one region of “‘light”’ in the whole 
penumbra at a given latitude. 


Second method of analyzing the machine data 


Efforts were next turned to the task of getting 
the complete picture of the penumbra for at 
least one energy and one latitude. The most 
direct method was to try to build up the complete 
n-diagram for the point r=0.425, \=20° for 
each 7, by interpolating between the curves 
obtained directly from the Differential Analyzer. 
An example is given in Fig. 10 for y,=0.97. 
Extensive experience with the behavior of these 
solutions enables one to fill in the trajectories to 
be expected between those given. The real 
difficulty comes when it is attempted to estimate 
what types of orbits correspond to what ranges 
of » at the given starting point. The results 
obtained from the trajectories are shown in 
Table III. The same was done for values of 
7: =0.89, 0.91, 0.93, and 0.95. 

The results summarized as in Table III were 
plotted on an (n, y:) diagram (Fig. 11) where the 
types of orbits giving rise to the “‘light’’ sections, 


TasLe III. Tabular forms of the allowed and forbidden 
directions resulting from a study of Fig. 10. In graphical 
form, these re are included in Fig. 11. L. S.— 
light streaks, L.—light, D.—dark, r = 0.425. 
\=20°. = 0.97. 
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Fic. 11. Allowed (cross-hatched NW to SE) and for- 
bidden (cross-hatched NE to SW) regions. White regions 
between 7, = 0.89 and 0.97 contain streaks of light of small 
to infinitesimal widths; other, large, white regions not yet 
explored. 


indicated by the cross-hatching NW to SE are 
shown on one side. The cross-hatched regions 
from NE to SW denote “dark’’ directions; the 
region to the left of y,=0.89 and to the right of 
1 =0.97 are blank because of lack of data at the 
time that the present analysis was carried out. 
The blank strips between these two values of y; 
contain streaks of ‘‘light’’ and ‘‘dark,”’ the width 
of the “‘light’’ ranging from infinitesimal to less 
than half a degree ir ». The complete n-diagram, 
like that of Fig. 10, was built up twice for 
7:=0.95 to indicate the consistency of the 
estimates. The maximum deviation was three 
degrees in », but the more common value was 
about one and one-half degrees. This refers to 
the actual position of the “‘light’’ strips, but the 
error in the width of each strip is believed to be 
from a half to a whole degree. 

The corresponding cone diagram is given in 
Fig. 12, where the largest “light” area is the 
main cone. The vertical cross-hatched strip to 
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the left of the line y,=1 is caused by the Fy cut- 
off; the narrow half-crescent-shaped, cross- 
hatched space along the northern horizon is the 
shadow cone of Schremp. 


III, Conclusions 


The penumbral bands are bounded by orbits 
asymptotic to the outer principal periodic orbit 
and by orbits of the second kind. It has been 
possible to determine almost completely the cone 
diagram for one energy and latitude, i.e., 
r= 0.425 stérmer (1.08 X 10"° ev for electrons) and 


Fic. 12. Almost complete allowed cone. Allowed regions 
black or cross-hatched NW to SE, forbidden regions cross- 
hatched NE to SW, white regions between +7, =0.89 and 
0.97 contain streaks of small to infinitesimal widths; other, 


large, white regions not yet explored. 


d= 20° geomagnetic latitude. On the basis of the 
experience gained from the present work it is 
surmised that smaller energies will have pe- 
numbral regions containing much larger “‘light” 
areas, while higher energies will have much 
smaller “‘light’’ bands. To be able to determine 
cosmic-ray asymmetries it is desirable to have at 
least the complete allowed cone for all the 
energies having penumbra at a given latitude. No 
reasonable predictions can be made just from the 
work already done, for, although the allowed cone 
and penumbra will vary continuously with the 
energy, it is conjectured that the rate of change 

is very great over the range of energies apper- 
taining to a given latitude. This work is being 
continued with the help of a grant voted by the 
American Association for the Advancement of 


Science. 
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New Evidence for the Existence of Penetrating Neutral Particles 
Francis R. SHONKA 


University of Chicago,! Chicago, Illinois 

i (Received November 14, 1938) 

‘ An experiment of the Rossi-Hsiung type was performed at an altitude of 14,200 ft. with 

i a fourfold coincidence array of Geiger-Miller tubes in a vertical position. Thicknesses of 12.7 
to 17.3 cm of lead served as absorber between the counters. Additional varying thicknesses 


‘ were placed alternately above and between the counters, i.e., in positions A and B. For small 
i thicknesses the ratio of the counting rates with the lead in position A to that for position B 
| was very little greater than unity. This means very slight production of barytrons by pho- 
i tons at this altitude. For greater thicknesses (19 to 23 cm), however, the ratio A/B becomes 
1,060.02. Working at sea level, and having the bottom tube shielded with 25 mm of lead, 
f Hsiung obtained the same results. Maass, using no shield for the tubes, found the ratio A/B 
equal to 1.2. The most reasonable interpretation of the fact that this ratio is greater than 

r unity seems to be the production of barytrons by non-ionizing primaries. In view of the great 
thickness of lead required to give the maximum effect, these non-ionizing particles must be 
- much more penetrating than photons. This high penetrating power suggests their identifica- 
¥ tion with the neutrettos (neutral particles having mass and other properties similar to the 


barytron) postulated by Heitler. 


INTRODUCTION 


NE of the major conclusions of Bowen, 
Millikan and Neher? from their recent high 


1 Present address: Department of Physics, De Paul 
University, , Illinois. 

#1. S. . A. Millikan and H. V. Neher, Phys. 
Rev. 53, 217 ( (1938), 

*AH. Compton, Proc, Phys. Soc. London 47, 747 (1935). 

*D. S. Hsiung, re Rev 4 46, 653 (1934). 

* B. Rossi, ik 82, 151 (1933). 

*H. Maass, ysik 27, 507 (1936). 


With the discovery of new particles and addi- 
tional experimental evidence, the question as to 
what percentage of the penetrating component 


Each Geiger-Miiller tube was surrounded by 
four plates of lead, 1.6 cm thick. These four plates 
formed the sides only of a rigid box, 5.71 cm X8.9 


mt S..’ B. Hoag, Electron and Nuclear Physics (D. Van 


WR 1938), p. 432. 


Se 


| 
altitude cosmic-ray measurements was that the of the rays observed at sea level may be of tr 
number of primary ionizing particles entering the secondary — has thus become incressingly G 
| atmosphere is too small to justify the hypothesis important. This applies to all altitudes, but alti- T 
that the large number of penetrating cosmic-ray tudes above sea level ard particularly interesting, N 
: particles found at sea level comes from outside “°° there the emery would be most sbun- N 
the atmosphere. They accordingly suggested that dant. With this in mind, a modified form of the a 
: these penetrating rays may be produced in the Rossi and Hsiung type of experiment was per- n 
atmosphere as secondaries from high energy formed at an altitude of 14,200 ft. at the Mt. \ 
| primaries which are themselves absorbed before vans Observatory. c 
q they reach the earth. A similar suggestion had P 
a been made by Compton’ as an alternative inter- APPARATUS g 
4 pretation of Hsiung’s‘ experiment. This experi- The apparatus consisted of a fourfold coinci- ® 
Y ment, as other similar ones performed by Rossi* dence array of Geiger-Miiller tubes. These tubes q 
iy and Maass,* showed that at sea level no sig- were made of a copper cylinder 4.1 cm in di- t 
| nificant part of the penetrating radiation is being ameter, 38 cm in length, and 0.05 mm wall 0 
| produced as secondaries from non-ionizing rays. thickness, sealed in glass. The central electrode v 
: It was apparent, however, that higher in the was a 0.075-mm tungsten wire. The assembly of 
-_ atmosphere such production of penetrating secon- these tubes has been previously described.” The s 
i daries might nevertheless occur if the primary tubes had exceptionally good characteristics, in- it 
rays were quickly absorbed by the air. cluding plateaus of over 1000 volts, obtained by c 
oe a special cleansing and baking technique. 71 
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cm X 55.9 cm, having no top or bottom. The lead 
boxes containing the tubes were then stacked on 
two channel iron shelves, separated by 47 cm, 
as shown diagrammatically in Fig. 1. The two 
channel iron shelves were supported one above 
the other by a framework of angle iron. For 
vertical fourfold coincidences, two of the lead 
boxes containing the Geiger-Miiller tubes were 
placed on the lower platform of channel iron, and 
two on the upper one. Any desired separation of 
the counting tubes was obtained by placing 
plates of lead underneath the bottom-most tube. 
Additional plates of lead absorber were inserted 
between the boxes containing the tubes. When 
smaller thicknesses of lead were used between 
the tubes, correspondingly larger thicknesses 
were placed below the bottom tube. Thus the 
Geiger-Miiller tubes were brought closer to- 
gether and the rate of counting increased. It will 
be noted that the lead is piled in such a manner 
that all rays producing coincidences must pass 
through the same vertical thickness. 

The high voltage source for the Geiger-Miiller 
tubes was essentially the circuit described by 
Gingrich,* a modification of the Evans® circuit. 
The counting circuits'® employed were of the 
Neher-Pickering" type. For the relay circuit a 
No. 57 tube was used. For the recording circuit 
an 885 Thyratron activated a circuit-breaking 
magnetic relay; the pulses were registered on a 
Veeder-Root counter. This recording system was 
capable of counting fifty evenly spaced impulses 
per second. By means of switches in the screen 
grids of the No. 57 tubes in the recording circuits, 
any desired combination of n-fold coincidences 
could be recorded. All of the circuits were built 
to operate on 110-volt 60-cycle current. This was 
obtained at the top of Mt. Evans from a 500- 
watt gasoline engine generator set. 

With the tubes in a horizontal plane and 
shielded heavily with lead, the individual count- 
ing rates N;, and the double and triple accidental 
coincidence rates A;; and were recorded. 
Then by means of the Eckart-Shonka"® formula 


* N. S. Gingrich, Rev. Sci. Inst. 7, 207 (1936). 

*R. D. Evans, Rev. Sci. Inst. 5, 371 (1934). 
= Eckart and F. R. Shonka, Phys. Rev. 53, 752 
asset V. Neher and W. H. Pickering, Phys. Rev. 53, 316 


the values of the time constants (r,) were 
calculated to be as follows: r,;=2.3810-, 
X10", t3=1.85X10-, and 2.04 
X<10-* minute. With these values of 7; and the 
individual counting rates N;, the accidental four- 
fold counting rate A129 was found to be 0.004 
counts per minute. 

The efficiencies of the tubes for cosmic-ray 
particles were obtained by the method of Street 
and Woodward.” The resulting efficiencies were : 
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Fic. 1. Arrangement of tubes and absorbers. 


tube I, 97.5 percent, tube II, 97 percent, tube III, 
98 percent and tube IV, 98 percent. 


RESULTS AND INTERPRETATION 


Readings were taken with the tubes in a 
vertical position, with the thickness of lead be- 
tween the tubes varying from 12.7 to 17.3 cm. 
This lead served as the absorber for the soft 
secondary particles. In addition to this, various 
thicknesses of lead were placed alternately above 
and between the counting tubes, i.e., positions 
A and B (Fig. 1). In order to increase the rate of 
counting, larger solid angles were used with the 
smaller thicknesses of lead. Table I shows the 
results of these experiments. The tabulated 
values are corrected for accidental counts and 
efficiencies. The errors given are probable errors. 


— R. H. Woodward, Phys. Rev. 46, 1029 
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In Fig. 2 the ratio of the counting rate with the 
lead in position A to that for position B is plotted 
against the thickness of the lead that is moved 
from A to B. The open circles are a graphical 
representation of Table I, and the full circles are 
the averages of the first five and last four points, 
respectively. 

The most evident interpretation of the fact 
that A/B is greater than unity is that ionizing 
rays (presumably barytrons) capable of pene- 
trating the 12.7 cm or more of lead between the 
tubes are produced as secondaries of non-ionizing 
primaries in the lead moved from A to B. Since 
most of the photons are absorbed in two cm of 
lead, only the small and hardly significant differ- 
ence of 1.5+0.5 percent observed with the shift- 
ing of the thinner layers of lead can be ascribed 
to the secondary barytrons excited by primary 
photons. The much greater difference of 6.1+0.6 
percent observed with layers of about 20 cm 
thickness should thus be ascribed to barytrons 
produced by neutral particles that are much 
more penetrating than photons. From the data 
shown in Fig. 2, it would seem that these rays 
penetrate 20 cm of lead without any considerable 
absorption. 

An alternative interpretation of the data 
would be scattering of the barytrons which 
traverse the lead. When the lead is in position B, 
scattering of barytrons would reduce the counts 
by a larger factor than would scattering in 
position A. Though it appears unlikely that this 
effect is large enough to account for the difference 
observed in the two positions, the data on scatter- 
ing are inadequate definitely to rule out this 
possibility. 

Working at sea level with a threefold cosmic- 


TABLE I. Number of counts per minute for various thicknesses 
of lead at A or B. 
Dir Cu COUNTS PER MINUTE 
cM or Ps A 
SEE | BETWEEN | CM oF Ps Ratio — 
G.1)} TUBES | at A oR B | Position A| Position B B 
38.4 17.5 0.32 5.97 +0.05 | 5.90+0.05 | 1.012+0.012 
38.4 17.5 0.95 5.99 +0.05 | 5.94+0.05 | 1.008 +0.008 
38.4 17.5 1.59 6.04 +0.0§ | 6.08 +0.05 | 0.99340.012 
38.4 17.5 1.91 6.01+0.05 | 5.83+0.05 | 1.03140.012 
38.4 17.5 2.22 5.98 +0.06 | 5.9140.06 | 1.012+0.012 
38.4 17.5 5.71 5.69 +0.07 | 5.60+0.07 | 1.01640.017 
$1.1 17.5 12.7 3.83 +0.07 | 3.67+0.07 | 1.03540.024 
54.5 15.9 19.68 3.48 +0.03 | 3.2840.03 | 1.0614+0.013 
54.5 15.9 20.00 3.47 0.04 | 3.2340.03 | 1.07440.013 
54.5 14.3 20.32 3.4140.03 | 3.2340.03 | 1.056+0.013 
$4.5 12.7 23.18 3.42 +0.03 | 3.2340.03 | 1.059+0.013 
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Fic. 2. Ratio of the counting rates with lead in itions 
A and B as a function of thickness of c 


ray telescope, and having the bottom tube 
shielded with 2.5 cm of lead, Hsiung* found the 
ratio A/B to be 1.06 when alternating 20 cm of 
lead between positions A and B. Under similar 
conditions, Maass,* using unshielded tubes, alter- 
nated various thicknesses of iron between posi- 
tions A and B and found the ratio A/B greater 
than unity with a maximum at about 30 cm of 
iron for which thickness this ratio was 1.2. It is 
possible, especially in the work of Maass, that 
some of the excess counts were caused by 
showers and scattering. 

While the experiment on Mt. Evans was in 
progress, Schein and Wilson"™ took similar equip- 
ment in an aeroplane to an altitude of 25,000 feet. 
They alternated 2.2 cm of lead between the 
second and third tubes of a fourfold system 
(position B) and above all four tubes (position A). 
At 25,000 feet, they find the ratio A/B equal to 
2.1+0.44. This increase is probably due to 
barytrons produced by photons. Heitler™ calcu- 
lates that about one in 40 photons will be spen* 
by producing a barytron. This would be ade- 
quate to account for their observed increase 
of counts in position A. 

The small magnitude of the increase in the 
counting rate in position A for small thicknesses 
of lead is to be expected on the basis of Heitler’s" 
calculations, since, if the production of soft 
shower particles by photons is 40 times as fre- 
quent as the production of penetrating second- 


8 M. Schein and V. C. Wilson, Phys. Rev. 54, 304 (1938). 
“ W. Heitler, Proc. Roy. Soc. 166, 529 (1938). 
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aries, the effect would be too small to be detected 
at lower altitudes. Thus the effect observed by 
Schein and Wilson” with 2.2 cm of lead at 25,000 
feet altitude is different from the effect observed 
with ten times greater thickness in the experi- 
ments, such as the present ones, made at lower 
altitudes. 

On the basis of the results of Maass,* Heitler'® 
postulates the existence of a neutretto (a neutral 
particle having mass and other properties similar 
to the barytron) which could be transformed into 
a negative barytron by colliding with a neutron 
or into a positive barytron by colliding with a 
proton. Because of the great thickness of lead 
absorber used in this experiment, the probability 
of registering soft secondary and scattered rays 


4% N. Arley and W. Heitler, Nature 142, 158 (1938). 


was less than in the work of Hsiung* and Maass.* 
Thus the results presented in this paper offer 
more definite evidence for the existence of a 
penetrating neutral ray than do the results of 
previous experiments. 
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The Gamma-Radiation from Boron Bombarded by Deuterons 


E. R. Gaertrner,* W. A. FowLer C. C. LAurItTsEN 
Kellogg Radiation Laboratory, California Institute of Technology, Pasadena, California 
(Received November 7, 1938) 


By a method already described, the gamma-ray spectrum from B+D has been obtained by 
observing the positron-electron pairs ejected from a thin lead lamina (0.033 cm) and the recoil 
electrons from a carbon lamina (0.12 cm). Gamma-ray components with quantum energies 
1.5+0.2, 2.2+0.3, 44+0.3, 6.9+0.4 and 9.1+0.4 Mev are indicated with relative intensi- 
ties >2.5:2.5:1.0:0.3:0.1. An attempt is made to correlate the energies and relative 
intensities of the observed gamma-ray components with those of the proton and neutron 


groups. 


INTRODUCTION 


HE recoil electrons ejected from the thick 

glass wall of a cloud chamber by the 
gamma-radiation from boron bombarded with 
deuterons were studied by Crane, Delsasso, 
Fowler and Lauritsen,' and indicated two lines 
at about 2.4 and 4.2 Mev and a number of weak 
components of higher energy. An improved 
method for determining gamma-ray energies 
from the secondary electrons and pairs ejected 
from thin laminae has already been described in 


* Horace H. Rackham Post-Doctoral Fellow. This work 
was completed during the tenure of his National R: 
Fellowship. 

1 Crane, Delsasso, Fowler and Lauritsen, Phys. Rev. 46, 
1109 (1934). 


detail in earlier publications.* * This method has 
been extended to the study of this radiation, and 
if due allowance is made for the lower resolving 
power of the earlier experiments, the original 
results are not in contradiction with those 
reported here. 

Except for a few minor changes the experi- 
mental procedure employed was essentially the 
same as that described in reference 2. In order to 
select those recoil electrons which were ejected 
nearly in the forward direction by the gamma- 
rays the distance from the target to the scatterer 
asa Fowler and Lauritsen, Phys. Rev. 51, 391 


a A al Gaerttner and Lauritsen, Phys. Rev. 53, 628 
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Fic. 1. Curve A, the distribution in total energy of 300 
itron-electron pairs ejtcted from 0.033 cm lead foil 
by the radiation from B+ D measured in fields of 1700 and 
1 uss, and plotted in overlapping intervals of 0.57 
Mev. ‘Gave B contains that portion of the pairs measured 
in the 1000 gauss field. The dotted portions indicate by 
how much the low energy component has been broadened 
to account for those low energy pairs which have been lost 
in the measuring process. 


was increased to 20 cm. This made it possible to 
select those electrons which made an angle less 
than 20° with the forward direction of the radia- 
tion. Also, in order to have a clear view of both 
sides of the scatterer so that only those tracks 
originating in the carbon lamina could be selec- 
ted, the scatterer was placed two cm from the 
center of the chamber. In the experiments with 
pairs where the origin of the tracks was more 
certain, the lead foil was placed five cm from the 
center of the chamber to allow more space for 
measuring the energy of the pair members. The 
thickness of the carbon scatterer was 1.2 mm (0.5 
Mev) and that of the lead 0.033 cm (0.4 Mev). 
+ The accelerating tube was operated at 550 to 
850 kilovolts peak voltage while the total ion 
current was about twenty microamperes during 
the chamber expansion. The ion beam was not 
magnetically separated during the cloud chamber 
observations but previous magnetic analysis indi- 
cated that the proton contamination was less 
than five percent. Light hydrogen, except for 
one percent in the heavy hydrogen employed, 
was not introduced into the tube in the period 
intervening between the magnetic analysis and 
the cloud chamber observations. That none of 
the observed radiation can be attributed to boron 
bombarded by protons is further substantiated 
by the fact that no evidence was found for a 
gamma-ray line near 11.8 Mev, the energy of the 
most intense component of the radiation from 
B+H.* Targets of pure amorphous boron (Eimer 
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Fic. 2. Curve A, the distribution in kinetic energy of 
450 electrons ejected from a carbon lamina 0.12 cm thick 
within an angle of 20° with the forward direction of the 
radiation, measured in fields of 1500 and 1000 gauss, and 
plotted in overlapping intervals of 0.46 Mev. Curve B con- 
tains that portion of the electrons measured in the 1000 

uss field. The curves have been broken in the regions of 


w resolving power. 


and Amend) were used and were frequently re- 
placed, consequently very little of the radiation 
can be attributed to other reactions involving 
deuterium. 


THE ENERGY OF THE GAMMA-RADIATION 


Curve A (Fig. 1) shows the distribution in 
total energy (kinetic energy +2 mc*) of 300 
positron-electron pairs ejected from the lead 
lamina, plotted in overlapping 0.57-Mev inter- 
vals. These pairs were measured in magnetic 
fields of 1000 and 1700 gauss. Curve B shows that 
portion of the pairs (209) measured in the lower 
field. The relative intensities of the high energy 
pairs (gioups at 4, 6.5 and 8.7 Mev) are best 
secured from the higher field measurements. On 
the other hand, those of the lower energy pairs 
(groups at two and four Mev) are best secured 
from the lower field measurements because there 
is a tendency in the measuring process to dis- 
criminate against tracks of small radius of curva- 
ture. Consequently the relative intensities of the 
two- and the four-Mev groups given by curve B 
have been assumed correct and those of curve A 
have been made to conform with this. Also, be- 
cause low energy pairs are lost, the apparent 
width of the two-Mev group is less than that of 
the four-Mev group. Therefore, in the deter- 
mination of the energy of the lowest group, the 
average energy taken from a curve which has 
been broadened to agree roughly with that of the 
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four-Mev group has been used. The corrected 
part of the curve is indicated by the dotted line. 
The quantum energies of the four groups indi- 
cated in curve A are determined by adding 0.4 
Mev (thickness of the lead) to the average 
energies of the groups. This procedure gives 
2.240.3, 4.4+0.3, 6.940.4 and 9.1+0.4 Mev for 
the average energies with their estimated prob- 
able errors. The half-widths of the groups can be 
reasonably attributed entirely to errors inherent 
in this method of measurement. 

Curve A (Fig. 2) shows the distribution in 
kinetic energy of 450 electrons ejected from a 
carbon lamina (0.12 cm) within an angle of 20° 
with the forward direction of the gamma-radia- 
tion, and plotted in overlapping intervals of 0.46 
Mev. These electrons were measured in magnetic 
fields of 1000 and 1500 gauss. Curve B shows only 
those electrons measured in the lower field. Again 
the relative intensities are Lest represented by 
the lower field measurements of curve B, and 
curve A has been dotted in the region where it is 
considered untrustworthy. The data of Fig. 2 
reveal two prominent groups at approximately 
two and four Mev in addition to a group of 1.3 
Mev which is evident only in the lower field 
measurements. Adding 0.25 Mev to the extrapo- 
lated recoil electron energies gives the most 
probable quantum energies, with their estimated 
probable errors, as 1.5+0.2, 2.3+0.3 and 4.3+0.3 
Mev. Because of the decrease of Klein-Nishina 
scattering with energy the data at higher energy 
are too meager to check those high energy groups 
indicated by the pair distribution although there 
is some indication of the group at 6.9 Mev. 
Because of the low efficiency of pair production 
just above one Mev, the line at 1.5 Mev was not 
indicated by the pair data. 


Tue RELATIVE INTENSITIES OF THE 
GAMMA-RAY COMPONENTS 

Estimates of the relative intensities of the 
gamma-rays from both the pair and recoil dis- 
tributions are given in Table I. In estimates from 
the pair curves the relative intensities have been 
corrected for the variation in pair formation 
cross section with energy. In computing the rela- 
tive pair intensities of the 2.2- and 4.4-Mev 
components the corrected curve of the low energy 
pair distribution has been employed. In esti- 
mates from the recoil curves the relative in- 
tensities have been corrected for the total Klein- 
Nishina cross section. Since only those electrons 
enter into the distribution which are scattered 
within an angle of 20° with the forward direction 
of the quanta, little error is introduced by using 
the total cross section for all components except 
the one at 1.5 Mev. A lower limit of the intensity 
of this component is given. 


ORIGIN OF THE RADIATION 


The reactions which have been suggested to 
account for the emission of protons, neutrons, 
and £-particles when boron is bombarded with 
deuterons are as follows: 


Mev (1) 
| 
(1’) 


B"+H?*—C"+n'+ 13.68 Mev (2) 
B'*+ H'+9.30 Mev (3) 


B'+H?—B"+H!'+ ~0 Mev (4) 
| 
C#+46- (4’) 


The Q values of the above reactions are those 


TABLE I. Relative intensities of five main components of the gamma-radiation from B +H’. 


GAMMA- RELATIVE Int. RELATIVE Int. 
Ray PaIR RELATIVE FROM Recor RELATIVE FROM WEIGHTED 
ENERGY INTENSITIES Pairs INTENSITIES RecoiLs 
1.5 _ _ — >4.0 1.73 >2.5 >2.5 
2.2 1.0 0.28 3.5 2.5 1.57 1.6 ~25 
44 1.0 1.00 1.0 1.0 1.00 1.0 1.0 
6.9 0.5 1.73 0.3 0.2 0.72 0.3 0.3 
91 0.25 2.26 0.1 0.1 


‘c= -formation cross section. 
Nishina cross section. 
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calculated from the atomic masses by Livingston 
and Bethe. 

The neutrons emitted when boron is bom- 
barded with deuterons have been investigated by 
Bonner and Brubaker‘ who observed four homo- 
geneous groups with Q values 13.4, 9.0, 6.0 and 
3.9 Mev and relative intensities 0.36: 0.38 : 0.07: 
0.19° Of these four groups the first two must be 
attributed to reaction (2) because it alone is 
exothermic enough to produce them. If the last 
two groups are also caused by this reaction, then 
three excited states of C™ at 9.5, 7.4 and 4.4 Mev 
are indicated and the quantum energies of the 
possible optical transitions are 9.5, 7.4, 5.1, 4.4, 
3.0 and 2.1 Mev. The existence of gamma-ray 
components at 9.1+0.4 and 6.9+0.4 shows that 
the higher states of C'* are produced in the dis- 
integration. That they do not couple readily 
with the state at 4.4 Mev is the simplest explana- 
tion of the nonexistence of components at 5.1 or 
3.0 Mev. If the last two neutron groups are also 
partly caused by reaction (1) then the ground 
state of C" and an excited state at 2.1 Mev enter. 

The protons from B+D have been attributed 
to reaction (3) by Cockcroft and Lewis* who 
found three homogeneous groups of protons with 
Q values 9.11, 6.99 and 4.62 Mev and relative 
intensities 0.40: 0.13 : 0.47. The over-all intensity 
was given as one-half that of reaction (1). Ex- 
cited states of B" at 4.5 and 2.1 are indicated, 
the quantum energies of the possible optical 
transitions being 4.5, 2.4 and 2.1 Mev. No proton 
group of intensity comparable to the yield of 


* Bonner and Brubaker, Phys. Rev. 50, 308 (1936). 

* Dr. W. E. Stephens has kindly computed the relative 
intensities of the neutron groups by correcting Bonner and 
Brubaker’s data for —— factors of cloud chamber 
observation and for the change of neutron-proton collision 
cross section with energy (Wigner). 

* Cockcroft and Lewis, Proc. Roy. Soc. 154, 246 (1936). 


B-rays (20 times the 9.11-Mev proton group), 
reported by Crane, Delsasso, Fowler and Laurit- 
sen’ was found down to a range of 1 cm. The 
state of B™ is thus at least 13.7 Mev above the 
ground state of C”, and as the observed §-rays 
extend only to 12 Mev the §-transition may be 
to an excited state of C”. Another, but improb- 
able, alternative is that an excited state of B” 
is always produced in reaction (4). 

The reactions producing alpha-particles when 
boron is bombarded by deuterons do not, in 
general, result in excited states of the nuclei Be® 
or Be® which emit gamma-radiation. The ob- 
served gamma-ray components agree well with 
the majority of the optical transitions among 
states of C” and B" discussed above. It is com- 
paratively simple to devise a set of linear equa- 
tions which the intensities of these transitions 
must obey employing the proton and neutron 
group intensities given above. Unfortunately, the 
equations do not give the intensities of each 
transition uniquely. We find, however, that the 
observed intensities satisfy the required relation- 
ships derived assuming only reactions (1), (2) 
and (3) as long as the strong component at 1.5 
Mev is excluded. It is well to note that the ob- 
served intensities of the 9.1 and 6.9 Mev com- 
ponents require that the over-all neutron yield 
of reaction (2) be at least ten times that of (1). 
Correction for the abundance ratio of the iso- 
topes of boron reduces this factor to 2.5. We are 
tempted to ascribe the strong 1.5-Mev compo- 
nent to reaction (4) which is comparable in 
intensity to (2). If an excited state of C” is 
involved the gamma-emission should be radio- 
active and we are now attempting to observe this. 


7 Crane, Delsasso, Fowler and Lauritsen, Phys. Rev. 47, 
887 (1935). 
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Radioactive Isotopes of Cu, Zn, Ga and Ge 


R. SAGANE* 
Radiation Laboratory, University of California, Berkeley, California 
(Received October 3, 1938) 


A study has been made of the radioactive isotopes produced in Cu, Zn, Ga and Ge by bom- 
bardment with both fast and slow neutrons. Some of the isotopes were also produced by 
deuteron bombardment. The results may be summarized in the following table of decay 


periods. 

Element Mass No. Sign 
Nickel 63 
Copper 62 et 
Copper 64 i 
Copper 66 
Zine 63 e* 
Zinc 65 e* 
Zinc 69 
Gallium 68 et 
Gallium 70 e 
Gallium 72 e 

(Gallium 74? 
Germanium 69 et 
Germanium 71 e* 
Germanium 75 2 
Germanium 77 
Arsenic 71 e* 
Arsenic 73 "id 
Arsenic 74 e 
Arsenic 77 


Half-life B-Ray Energy y-Ray 
2.50.3 hr. medium 
10 +0.5 min. hard y 
12.8 0.3 hr. soft 
5 min. medium 
35 *3 min. hard 
210 +30 min. very soft Y 
57 +3 min. hard -- 
66 +2 min. hard Y 
20 min. hard 
14.1*0.2 hr. hard 
6 *1 day — —) 
30 +3 min. hard 
26 *3 hr. medium 
81 +3 min medium _ 
50 +3 hr. soft 
+2 min. medium 7 
16 *2 days medium 7 
55 *5 days very soft 7 


The writer failed to find the Cu" (e~ T=3.5h) suggested by *he Michigan group in fast 
neutron bombardments of copper. No trace of the 23-hr. period reported by Fermi and his 
collaborators was found in neutron bombardments of gallium. 


INTRODUCTION 


N CONTINUATION of work! at the Caven- 

dish Laboratory on nuclear reactions involv- 
ing a loss of a neutron from a nucleus, the writer 
started a more detailed study of the ‘‘neutron 
loss” periods. He soon noticed that in the many 
investigations’ of the radioactivity induced in 
Cu, Zn and Ga but few of the isotopes produced 
had been identified. There still remain many 
discrepancies in the experimental data. As for 
germanium very little has been reported so far. 


* Now at the Tokyo Imperial University 

1 Chang, Goldhaber and Sagane, Nature 1 139, 962 (1937). 

2 Amaldi, D'Agostino, Fermi, Pontecorvo, Rasetti and 
Segré, Proc. Roy. Soc. 149, 522 (1935). Livingood, Phys. 
Rev. 50, 425 (1935). McLennan, Grimmet and Read, 
Nature 135, 505 (1935). Van Voorhis, Phys. Rev. 50, 895 
(1936). Heyn, Nature 138, 723 (1936); Physica 4, 160 
reset: Pool, Cork and Thornton, Phys. Rev. 52, 212 


It is the purpose of the present paper to report 
the results of the study* of the radioactivity in- 
duced in these elements by fast and slow neu- 
trons and by deuteron bombardments which 
have been carried out in the Radiation Labora- 
tory of the University of California. 


APPARATUS 


The cyclotron in the Radiation Laboratory 
was used as a source of deuterons and neutrons. 
At the time of the bombardments it was ad- 
justed to furnish currents of 20 to 150 ya of 
deuterons of energy from 5.5 Mev to 7.6 Mev. 

Ordinary copper plates which are usually of 
sufficient purity were used as copper targets. The 

* Most of the results except those of Ge+D were re- 


ed at the Stanford meeting held on Dec. 17, 1937. 
ne, Phys. Rev’ 53, 212 (1938). 
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Fic. 1A. Decay curves for copper when bombarded by 
fast neutrons. The curve taken without chemistry can be 
analyzed in three periods, while the curve taken after 
chemical separation consists from two periods showing that 
the 150-min. period is not caused by a copper isotope. 


zinc, gallium and germanium targets were also 
in metallic form and were of high purity, claimed 
to be 99.9 percent. 

For bombardments with fast neutrons, both 
lithium and beryllium targets were bombarded 
and the samples were placed inside a small box 
made of cadmium sheets one to two millimeters 
in thickness, filled with boric acid. The box was 
generally put in the forward direction of the 
beam. For bombardments with slow neutrons, 
the samples were placed inside a paraffin block 
which was generally put at right angles to the 
beam. 

All the measurements of activity were carried 
out with Lauritsen-type quartz fiber electro- 
scopes‘ with aluminum windows of 1/10,000” 


*1 am indebted to Dr. A. H. Snell for the use of one of his 


thickness. Absorption measurements were made 
by placing aluminum or lead sheets between the 
source and the window. 


COPPER 


This element has been reported by many 
authors’? to give the well-known 5-min. and 
12.8-hr. periods with slow neutrons. With fast 
neutrons from Li+D, Heyn reported first that 
six-min. and 10.5-min. periods were produced. 


- Zn pre. 
0! 
20 
é 
50 100 200 


Fic. 1B. A decay curve for a nickel precipitate from a 
copper —_ bombarded by neutrons, and a decay curve 
for a long lived zinc isotope obtained when copper was 
bombarded by deuterons. Absorption curves for the zinc 
isotope are also shown. 


On the other hand, Pool, Cork and Thornton® 
suggested the formation of Cu*® (3.5 hr.) when 
bombarded with fast neutrons. 

Bombardment with slow neutrons on Cu re- 
sulted in the formation of two periods, 5 min. and 
12.8 hr. as was predicted. With fast neutrons, 
three periods 10 min., 2.5 hr. and 12.8 hr. were 
noticed as shown in Fig. 1A. Chemical separa- 
tions showed that the 10-min. and the 12.8-hr. 
periods were caused by Cu isotopes and the one 
of 2.5 hr. was caused by a nickel isotope. With a 


5 Pool, Cork and Thornton, Phys. Rev. 52, 41 (1937). 


electroscopes. 
TaB_e I, Summary of results obtained in the bombardment of copper. 
IsoToPEs Cu® Ni® Co Co Zn” 
Bombardment 

Slow neutrons 5 min. (#, y) 2.5 hr. (#, p) 12.8 hr. (n, y) 

10 min. 2”) 2.5 hr. (m, p) 12.8 hr. (m, y) 
Fast neut n, 2n) 

Be 2.5 hr. 12.8 hr. 

Deuterons 5 min. (d, p) 12.8 hr. (d, p) (30 days?)* | (215 days?)*| 210 days (d, y) 
y-Tays 10 min. (y, 


| 
| | 
| 
4 
i 
q Zn pre. | 
4 150™ 63 
a Ni 
| 
0.2 O4mmy, 
q 
] 
| 
s 
= | 1 
d 
| ( 
* Segré and others. . ir 


rade 
the 


RADIOACTIVE ISOTOPES OF Cu, Zn, Ga AND Ge 33 


simple magnet close to the electroscope* the signs 
of the 8-rays were determined and it was found 
that the 10-min. period was caused by a positron 
emitter and the others were caused by negative 
electron emitters. When copper samples were 
bombarded with deuterons, the 12.8-hr. period 
was very strongly activated and a rather weak 
5-min. period was also obtained. 

In addition to these two, some very long 
periods have been reported by Segré and his col- 
laborators’ who find a zinc isotope with a half-life 
of 245 days and cobalt isotopes with half-lives 
of about a month and 215 days. 

This long lived zinc isotope was studied care- 
fully by separating zinc isotope from the copper 
filings scraped from the copper deflecting plate of 
the cyclotron. The decay curve and the absorp- 
tion curve which are shown in Fig. 1B shows that 
this isotope has a half-life of about 210 days. It 
was found that this isotope emits low energy 
positrons® and hard y-rays of about 2.5 Mev in 
energy. The results are summarized in Table I. 

There is no doubt that the 5-min. and the 12.8- 
hr. periods are caused by Cu and Cu®, re- 
spectively. The 10-min. period is found when 
copper samples are bombarded by neutrons of 


10 14 16 


Fic. 2A. A decay curve for zinc when bombarded by 
slow neutrons. This is analyzed in three periods, 57-min. 
12.8-hr. and 210 day. 


*I am indebted to Dr. A. H. Snell for the use of his 
device 


ascent Santangelo and Segré, Phys. Rev. 53, 104 
* A study of 8-rays with a cloud chamber has been done 
in Tokyo and the results will be published soon. 


more than 12 Mev in energy’ and is also obtained 
by photodisintegration.’ Moreover, it emits 
positrons. These three facts rather definitely de- 
termine the assignment of this isotope to be Cu®. 
The 2.5-hr. period must be either Ni® or Ni®. 
If the relative abundance of Cu® and Cu® and 
that of Ni® and Ni® is taken into account it is 
most likely to be Ni®. The three-hour period 
found in nickel with slow neutron bombard- 
ments"! may be caused by the same isotope.” 
As for the long life zinc isotope, it should be 
Zn* which must be formed as the result of a rare 


Fic. 2B. A decay curve for zinc when bombarded by fast 
neutrons. This is analyzed in three periods, 35 min., 57 
min. and 12.8 hr. Note that the 57-min. period appears very 
weak compared with Fig. 2A and no trace of the 210-day 


period is found. 


process of deuteron capture. Discussions for the 
assignment are given in the next section. Nothing 
has been done for the investigation of Co isotopes 


reported by Segré. 
ZINC 


With slow neutrons, a 57-min. period was 
produced very strongly. In addition to this, a 


* Sagane, Phys. Rev. 53, 492 (1938). 

( oan and Gentner, Nature, pp. 25, 90, 126, 191, 284 
1937). 

" Naidu, Nature 137, 578 (1936). Rotbalt, Nature 136, 
515 (1935). Oeser and Tuck, Nature 139, 1110 (1937). 

4 Simultaneously with my publication at the Stanford 
meeting, Heyn reported (Physica 4, 1224 (1937)) his recent 
results which are in agreement with mine except a 
a a numerical value for half-value 
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TABLE II. Summary of resulis obtained in the bombardment of sinc. 


IsoToPES Cu“ Zn® Zn” Ni® Cu“ Zn® 
Bombardment 
Slow neutrons 57 min. (n, y) 12.8 hr. (n, p) 210 days (n, y) 
5 min. (n, p) 35 min. (mn, 2) | w57 min. (n, y) 12.8 hr. (n, p) 
Fast neutrons 6 min.) (40 min.) (2.5 hr.) (, y) (12.5 hr.)* 
5 min. (m, p) 35 min. (m, 2") | w57 min. (nm, y) 12.8 hr. (nm, p) 
Deuterons (1 hr. 12 hr., 25 hr., 97 hr.t 
y-rays 38 min.{ 
* Heyn. 


Livingood. 
! Bothe, Gentner, Chang, Goldhaber, Sagane. 


5-min. and a 12.8-hr. period were also activated, 
as had been reported by Fermi and others.? There 
appeared also a very long period of about 200 
days. 

With fast neutrons, Heyn? reported 6-min. and 
60-min. periods, while Pool, Cork and Thornton™ 
reported 6-min., 40-min. and 12.8-hr. periods. 
According to the present experiment a 35-min. 
period is produced as well as the 5-min. and 12.8- 
hr. periods. The 57-min. period was also obtained 
with a very weak activity, but no trace of the 


5 Sn 
T 


hed 
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Fic. 3A. Decay curves obtained when gallium samples 
were bombarded by slow neutrons. No trace of the 23-hr. 
period was found. 


210-day period was found. Examples of the decay 
curves obtained are shown in Figs. 2, A and B. 
Chemical separations showed that the 35-min., 
57-min. and 210-day periods were all zinc isotopes 
and the 12.8-hr. period was a copper isotope. 
No trial was made for deuteron bombardment, 
as Dr. Livingood has already bombarded zinc 
samples with deuterons, and intends to repeat it 
to check his previous results. According to him, 


% Pool, Cork and Thornton, Phys. Rev. 52, 239 (1937). 


four periods, 1 hr., 12 hr., 25 hr. and 97 hr. were 
reported. 

By hard y-ray bombardments," '° it has been 
reported that a 38-min. period was obtained in 
zinc. The results are summarized in Table II. 

The 35-min. period was only activated appre- 
ciably with fast neutrons of energy higher than 
9 Mev’ and it emits positrons. These facts sug- 
gest that this period is produced by the neutron 
loss process, i.e., the (m, 2m) reaction. So this 
must be Zn®. The 38-min. period reported by 
y-ray bombardments and the 34-min. period re- 
ported by Ridenour and Henderson" on the 
a-particle bombardments of nickel, the 40-min. 
period reported by Pool, Cork and Thornton™ 
must be the same. 

The 57-min.* period was very water-sensitive, 
and it appeared rather weak in activity when 
bombarded with fast neutrons. This isotope emits 
negative electrons. If the relative abundance of 
Zn** (17.8 percent) and Zn” (0.4 percent) are 
taken into account, it is most likely that this 
isotope is Zn®*, in agreement with the new results 
of Heyn™ and contrary to the assignment of 
Thornton.'* 

The one-hour period reported by Livingood? 
may be the same isotope. 

The long life period of order of about 210 days 
was obtained only by slow neutrons. It emits 
positrons of rather low energy accompanied by 
Compton electrons produced by its hard y-rays. 
An absorption measurement of y-rays showed 
that this isotope emits very hard y-rays (Pb} 
~15 mm) which is in good agreement with the 
results obtained on the zinc isotope produced by 
Cu+D. There remains only one possibility for 


a positron emitting zinc isotope which can be 


4 Ridenour and Henderson, Phys. Rev. 52, 889 (1937). 
% Thornton, Phys. Rev. 53, 326 (1938). 
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produced by Cu+D and Zn+n, so this isotope 
must be Zn**. 


GALLIUM 


With slow neutrons, two periods, 20 min. and 
23 hr. were reported first by Fermi and his col- 
laborators.? When bombarded with fast neutrons. 
Pool, Cork and Thornton’ reported that they ob- 
served 20 min. (e~), 55 min. (e*), 1.7 hr. (e*) and 
22 hr. (e-). 

As shown in Fig. 3A the decay curves obtained 
with slow neutron bombardments gave only two 
periods; the well-known 20-min. period and a new 
14-hr. period. No trace of the 23-hr. period re- 
ported by Fermi and others or by the Michigan 
group was found. With fast neutrons only three 
periods, 20 min., 66 min. and 14 hr. were found. 
Not even a trace of the 1.7-hr. period or the 23-hr. 
period was found. Chemical separations showed 
that all three periods were due to gallium 
isotopes. 

As this sample has a very low melting point, 
no attempt has as yet been made at deuteron 
bombardment. The results are summarized in 
Table III. 

Ga” and Ga” are the only two possible isotopes 
for a radioactive gallium which emits negative 
electrons. If the fact is taken into account that 
the 20-min. period is activated not only by slow 
neutrons but also by fast neutrons and y-rays, 
it is quite certain that this 20-min.'* period must 
be caused by Ga”’. The 18.2-min. period reported 
by DuBridge and his collaborators'’ in Zn+p 
may be caused by the same isotope. On the other 
hand, the other 14-hr. period which is a negative 
electron emitter is not produced by y-ray bom- 
bardments. These two points support very well 

1% Mann, Phys. Rev. 52, 405 (1937). 


17 DuBridge, Barnes and Buck, Phys. Rev. 51, 995 
(1937). 


the conclusion that this 14-hr. period should be 
caused by Ga”. The 66-min.* period can only be 
obtained when the energy of the bombarding 
neutrons is higher than 6 Mev.’ This isotope 
emits positrons and is produced also by hard 
y-ray bombardments. These facts afford good 
evidence that this isotope is Ga®*, which is most 
probably a positron-emitting a Ga isotope. 

The author must add a line about a negative 
result in attempting to check the reaction Ga** 


7H 


Go 
Fost N (Li+oy® 


Fic. 3B. Decay curves obtained when gallium samples were 
bombarded by fast neutrons. 


(nm, a) Cu®* which we have reported in Nature.' 
Although several very short exposures to fast 
neutrons, less than one minute, were made, no 
trace of the five-min. period was found. 


GERMANIUM 


Germanium with slow neutrons gives four 
periods, 81 min., 8 hr., 26 hr. and six days. With 
fast neutrons 29-min., 81-min., very weak 8-hr., 
26-hr. and six-day periods were produced. As for 


TABLE III. Summary of results obtained in the bombardment of gallium. 


IsoTOPE Ga"? 
Bombardment 

Slow neutrons 20 min. (n, y) 14 hr. (nm, y) 
Li 20 min, (n, y) 66 min. (n, 2n) 14 hr. (n, y) 

Fast neutrons (n, 2n) 
Be 20 min. (n, y) 66 min. (n, 2n) 14 hr. (n, y) 

(nm, 2n) 

y-rays 20 min. (y, ») 66 min. (y, 


* Bothe, Gentner, Chang, Goldhaber, Sagane. 
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Fic. 4A. A decay curve obtained when germanium was 
bombarded by slow neutrons from Be+D surrounded by 
— This curve may be analyzed in four periods, 

1 min., 8 hr., 26 hr. and 6 day. 


deuteron bombardments, not much has been 
done yet and some of the results are still inaccu- 
rate. The results so far obtained show seven 
periods 80 min., 88 min., 12 hr., 50 hr., 16 days 
and 55 days. Examples of the decay curves ob- 
tained are reproduced in Figs. 4-A, B, C, D, E. 
The results are summarized in Table IV. 

Since the positron-active 29-min. period was 
produced in appreciable intensity when the 
energy of the bombarding neutrons is higher than 
5.5 Mev,’ it is most likely caused by Ge**. The 
81-min.* period was formed in strong intensity in 
each bombardment. This isotope emits negative 
electrons and is sensitive to slow neutrons. Be- 
cause of the relative abundance of Ge” (37 per- 
cent) and Ge” (6.5 percent), the isotope in 
question is probably Ge’. 

The 88-min. period obtained in deuteron bom- 
bardments is positron active and decay curves 
were followed by measuring only the positron 
activity. Although no chemical separation has as 
yet been carried out this period may be caused 
by As®. 

The 8-hr. period was obtained appreciably only 
in slow neutron bombardments. With fast neu- 
trons only a trace of this period was noticed, indi- 
cating very clearly that this period is very sensi- 
tive to slow neutrons. There remains only one 


Fic. 4B. A decay curve obtained when germanium was 
bombarded by fast neutrons from Li+D. This curve may 


- be analyzed in five periocs, 29 min., 82 min., 8 hr., 26 hr. 


and 6 day. Note that the 81-min. and 8-hr. periods appear 
rather weak compared with Fig. 4A. 


SHORT PERIODS 
POSITRONS 


ACTIVITY DIVISIONS PER SECOND 


Fic. 4C. Parts of decay curves showing short periods 
obtained when germanium was ambarded by deuterons. 

curves were taken by measuring only positrons or 
negative electrons with a simple magnet c to the 
e . 


possibility for this kind of negative electron 
active period, that is Ge’. 

The 26-hr. period is positron active and can be 
obtained with both fast and slow neutrons. These 
points are good enough to assign this period to 
Ge”. 

The 50-hr. period found in deuteron bombard- 
ments is expected to be caused by an arsenic 
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isotope, probably As”, because it emits positrons. 
The positrons emitted are of very low energy and 
are accompanied by strong y-rays. 

The 6-hr. period is rather too weak in activity 
to check the sign of the 8-particles emitted. Thus 
not much can be said about this period, but I 
suspect that it may be caused by a gallium iso- 
tope, probably 

The 12-hr. period found in Ge+D may be 
identical to Ge" (8 hr.) or might be Na™ con- 
tamination. 

The 16-day period was obtained by deuteron 
bombardments only. This isotope emits both pos- 
itive and negative electrons and was proved to be 
an arsenic isotope by chemical separations. These 
points allow one to ascribe this period to As”, 
as has been reported recently.'* 

In addition to these periods a very soft nega- 
tive B-ray emitter was noticed, the half-life of 
which is about 55 days. This was also proved to 


ACTIVITY DIVISIONS PER SECOND 
2 


5 


°. 


Fic. 4D. Parts of decay curves showing 26-hr. and 50-hr. 
periods obtained when germanium was bombarded by 
deuterons. A decay curve obtained by measuring the 
activity with an aluminum absorber 0.024” thick is men- 
tioned as hard component. 


18 Sagane, Kojima and Ikawa, Phys. Rev. 54, 149 (1938). 
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ACTIVITY DIVISIONS PER SECOND 


Fic. 4E. Parts of a decay curve showing long periods 
obtained when germanium was bombarded by deuterons. 


be an arsenic isotope by chemical test and is 
most likely As7’. 


SUMMARY OF REACTIONS 


Figure 5 shows a portion of the periodic table 
in the neighborhood of Cu, Zn, Ga and Ge. The 
radioactive isotopes are shown in circles and the 
arrows indicate the reactions studied in this article. 
In some of these samples, existence of K radia- 
tion was found. But to get definite conclusions, 
further work must be done, because internal 
conversion of y-rays must be taken into account. 

The values of half-value thickness or maximum 
range of 8-rays are not given intentionally, be- 
cause they depend too much on the geometry of 
the measuring apparatus; on the other hand, the 
study of the 8-rays of those isotopes discussed 
has been started in Tokyo and some of the 
results are expected to be published soon. 
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TaBLe IV. Summary of results obtained in the bombardment of germanium. 


IsoToPES Ge* Gers | As” Ge™ 
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“as ae As 
Jd \ 86m 100 
Fic. 5. This diagram gives a summary of all the transmutations described in this paper. The stable isoto 
(squares) are given with their percentage es in small figures. Radioactive isotopes are given in circles, 


which are dotted when there is still some ambiguity as to their exact identification. The numbered arrows indi- 
cate transmutations which have been pp and the reactions describing them are as follows: 


q ti p) Ni® 9 (n, Cu™ 16 (n,2n) Gare Get? (d,m) As’ 
2 Cu® 2n) Cu® 10 (nm, 2 *17 (n, y) Ge** y) 
3 (nm, y) Cu” (n, ~ Zn*® *18  Ge'?(n,2n) Ge 
4 Cu® (4, 12 Zn Cu (dn) Ge (dp) Gers 
5 Cu(n,2n) Zn* (nm, y) Zn” *20 (n, y) *27 
6 (mn, y) 14 Ga** (mn, 2n) Ga®* *21 (d, p) Ge"! *28 (n, y) 
7 (d, p) 15 Ga** (nm, y) Ge"? (d, *29 Get (d,p) 
ts Cu® (d, y) Zn® 
* Reactions which are newly reported in this paper. 


} Reactions which were observed but not yet checked carefully enough. 
Reactions which have not been established well, but are proved in this paper to exist. 


the cyclotron and for his helpful discussion and valuable suggestions and discussions of this work. 
, encouragement. He is also very greatful to the This work has been aided by grants from the 
staff of the Radiation Laboratory for their Research Corporation. 


| 
4 7 
| [8] 
q 22 2 
a 
q 
a 


he 


JANUARY 1, 1939 


PHYSICAL REVIEW 


VOLUME 55 


The Widths of Nuclear Energy Levels} 


J. H. Mantey,* H. H. Go-psmita anp JuLian Scuwincert 
Columbia University, New York, New York 


(Received November 7, 1938) 


Neutron absorption measurements with Rh both as absorber and detector have been per- 
formed, in order to obtain infotmation about the levels of the compound nucleus responsible 
for the 44” period of Rh. The absorption curves have been analyzed by assuming a single 
sharp resonance and taking into consideration the angular distribution of the neutrons emerging 
from the source and the absorption of the neutrons and the electrons in the detector. This 
analysis yields the values: (a) 6100X 10" cm* for the capture cross section at resonance; 
(b) 0.17 ev for the total width; (c) 1.6 10~* ev for the neutron width. 


HE selective capture of slow neutrons has 
been explained by a resonance process in 
which the neutron is captured in a virtual state 
of the compound system formed by the capturing 
nucleus and the incident neutron. According to 
this explanation, the cross section for the radia- 
tive capture of a neutron with kinetic energy E is 


E) 


provided only one level is effective for capture. 
Here IT is the total (radiation) width of the 
virtual state of the compound nucleus, and gy is 
the capture cross section for neutrons having the 
resonance energy Ep». The cross section at reso- 
nance may be expressed in terms of I, the 
partial (neutron) width of the virtual state aris- 
ing from neutron emission, by the relation 


2J+1 


=T (2) 
27+1 ME, 


where J is the angular momentum of the captur- 
ing nucleus, and J is the angular momentum of 
the virtual state. Since there appears to be no 
method of determining this latter quantity, we 
shall incorporate the unknown factor (2J+1)/ 
(27+1) into the neutron width. 

The neutron and radiation widths deduced 
from slow neutron data are of great importance 
fer nuclear theory since they provide the only 
available information concerning the probabili- 


t Publication assisted mf the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 

* Now at the University of Illinois. 
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ties of emission of various kinds of particles from 
the compound nucleus. The ratio of the neutron 
to the radiation width may be obtained directly 
from the cross section at resonance, if the energy 
of resonance is known. If the total width is then 
determined by some method, such as the thermal 
and resonance activation method of Amaldi and 
Fermi, the neutron width may be calculated. 

A direct method of obtaining the cross section 
at resonance is an absorption measurement in 
which the substance under investigation is used 
both as an absorber and as a detector of the 
resonance neutrons. The characteristic feature of 
this process is the ‘‘self-reversal’’ of the resonance 
line in the case of narrow resonances (I'/E <1). 
Neutrons in the immediate neighborhood of the 
resonance are almost completely removed by a 
small thickness of absorber. Additional thick- 
nesses are then much less effective in reducing 
the intensity of the beam since only the more 
penetrating neutrons in the “wings” of the 
resonance line remain. As a result, the apparent 
absorption coefficient will be a function of ab- 
sorber thickness, which decreases rapidly with 
increasing thickness of absorber. 

It is the purpose of this paper to obtain the 
neutron and radiation widths of the level re- 
sponsible for the activation of the rhodium 
44-sec. period by a theoretical analysis of such 
“self-reversal’’ absorption curves. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The irradiations were carried out on the top 
surface (30X22 cm) of a paraffin block 15 cm 
high. A radon-beryllium source of about 600 mC 
initial strength was symmetrically located 3 cm 
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Fic. 1. Self-absorption in Rh as indicated by a 0.35 g/cm? detector. @ = Data of Preis- 
werk and v. Halban, xX =Amaldi-Fermi, o= Present data, — =Calculated curve for 


noo/p = 36 cm*/g. 


below this surface. Cadmium sheet 0.45 mm 
thick covered the entire surface with the excep- 
tion of a 9X9 cm opening at the center. For all 
measurements with D neutrons this square 
was covered with a plane sheet of cadmium 
0.11010 cm. The absorbers were placed on 
this cadmium sheet. The detectors were in con- 
tact with the upper surface of the absorber in 
order to provide a calculable geometry. Activa- 
tion of the detector by stray thermal neutrons 
was prevented by a cadmium cover. Since the 
detector height was a function of the absorber 
thickness, it was necessary to correct for the 
variation of neutron intensity above the surface. 
This variation was measured and found to be 
closely linear with height in the range used. This 
correction, applied to all measurements, amounts 
to a maximum of 12 percent at 6 mm. 

For the absorption curves we have used 
rhodium detectors of two different thicknesses. 
One, 0.35 g/cm* by 4X5 cm, was made of Rh 
powder in a paper packet which was slightly 
paraffined to prevent distortion. Since the paraffin 
might possibly alter the energy distribution of 
the neutrons, another type was constructed in 
which the Rh powder was bound to a thin nickel 
sheet by the minimum amount of lacquer. This 
type was 0.11 g/cm? by 5X5 cm. 

The thick Rh absorbers consisted of powdered 
metal placed in containers of four-mil nickel sheet 
with the aid of a template to secure uniform 
thickness. Thinner absorbers were made to a 


convenient thickness by diluting with talc. The 
thinnest absorber was obtained by electroplating 
Rh on nickel. All absorbers were approximately 
6X7 cm. 

The activities of the detectors were measured 
with an ionization chamber similar to that 
described by Amaldi and Fermi.' This chamber 
was connected to an FP54 amplifier, and the 
current measured by the rate-of-drift method. 
The apparatus was very linear in the range used, 
and, at frequent intervals, care was taken to 
measure the chamber sensitivity with a uranium 
standard and the amplifier sensitivity by apply- 
ing a known potential to the grid. 

For the activity measurements a standard 
procedure of one-minute irradiation and one- 
half-minute interval followed by a one-minute 
ionization measurement was used. The results, 
therefore, while applying to the 44-sec. period, 
are independent of exact knowledge of the period, 
and the contribution of the longer period is 
sufficiently small to be neglected. Any data used 
for calculation of transmission values were the 
average of at least nine such activity measure- 
ments. From the individual measurements and 
their deviations it follows that no transmission 
value has a probable error greater than 3 percent. 

The transmission of various thicknesses of Rh 
as determined by the “‘thick’’ Rh detector is 
given in Fig. 1 (open circles). Fig. 2 shows the 


1 Amaldi and Fermi, Phys. Rev. 50, 899 (1936). 
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results for the ‘‘thin’’ detector. The calculated 
curves are shown in each case, and the “thick” 
detector calculated curve is shown in Fig. 2 to 
illustrate the effect of detector thickness which 
has so often been overlooked in previous work. 


ANALYSIS OF ABSORPTION CURVES 


The fundamental assumption which we shall 
make is that the resonance absorption arises 
from a single, narrow resonance level of the 
compound nucleus. By virtue of the assumption 
that only one resonance level is effective for 
capture, the simple one-level formula (1) is 
applicable. Furthermore, the assumption of a 
narrow resonance (I'/E)<1) enables us to neglect 
the variation of the term (E»/E)! over the reso- 
nance region. We may thus write the capture 
cross section in the more simple form 


o(E) (3) 


The observed transmission curves are essen- 
tially measurements of the activity of a detector 
(defined as the number of 8-rays emitted per 
second immediately after an infinite time of irra- 
diation) with various thicknesses of absorber 
interposed between the paraffin and the detector. 
The essential elements involved in the determina- 
tion of the detector activity are the distribution 
in angle and energy of the neutrons emerging 
from the paraffin, the reduction of neutron in- 
tensity in the absorber, the neutron absorption 
in the detector, and the absorption in the detector 
of the 8-rays created by the capture process. 
Fermi has shown that the number of neutrons 
emitted per unit solid angle at an angle 3 with 
the normal to a paraffin surface is approximately 
proportional to cos cos? 8. For resonance 
neutrons, however, the assumption of spherically 
symmetric scattering used in deriving this dis- 
tribution is no longer valid, and one would expect 
an approach to a cosine distribution. For this 
reason and for simplicity? we shall assume that 
the angular distribution of the resonance neu- 
trons is proportional to cos 3, that is, we assume 
that the number of neutrons emitted per second 

2 Additional support for this simplification is provided 
by a calculation performed by Mr. M. Hamermesh which 
shows that the transmission at an absorber thickness of 
0.1 g/cm? is inappreciably affected by replacing the cosine 
distribution with the Fermi distribution (cosine —49.9 
percent, Fermi —49.6 percent). 


per unit area of the paraffin with energies in the 
range between E and E+dE, and with angles 
to the normal of the surface between 8 and 
is equal to 


2N(E)dE cos 8 sin ddd. (4) 


A detailed knowledge of the energy distribution 
function N(E) is unnecessary since we may 
neglect the variation of the neutron intensity 
over the narrow resonance region. 

It is essential that the absorption of the 8-rays 
in the detector be included in the evaluation of 
the detector activity, for most measurements are 
performed with detectors which are thick with 
respect to electronic absorption. We shall make 
the questionable, though convenient assumption 
that the 8-rays are absorbed exponentially, with 
an absorption coefficient 

From these assumptions and approximations, 
it immediately follows that the activity of a 
detector of thickness 4:, with an absorber of 
thickness 6, interposed between it and the 


paraffin, is proportional to 
2 
An, 2N(Es) f dx f f dEno(E) 
0 0 


(5) 


10.35 fem? detector 
Detector 


THICKNESS /cm? 


Fic. 2. Self-absorption in Rh as indicated by a 0.11- 
/cm* detector (©). Solid curves are calculated for the 
ector thicknesses assuming noo/p = 36 cm*/g. 
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where m represents the number of nuclei per 
cm’ which are effective for capture, and = 
(E—E,)/4T. The integration with respect to & 
may be performed with the aid of the formula 


148 2 
Hence, 
0 0 


noo +x 
Jerr (7) 


in which cos 6 is designated by :z. 
For the purpose of numerical calculation, it is 


convenient to introduce a new quantity, which 
we shall term the ‘‘activity,”’ defined by 


bs 1 
“A. dx | dz 
0 0 
noo 
— Jerr (8) 


The convenience of this definition lies in the fact 
that the “activity’’ of a detector, with zero 
thickness of absorber, is always less than one, 
and becomes equal to one only in the special case 
of an infinite cross section at resonance and aa 
infinite detector thickness. It is evident from (7) 
and (8) that the relation between the activity 
#2 and the “‘activity” ‘A’’s;, is: 


Au, a2. (9) 


A further simplification may be made in the 
expression for the ‘“‘activity’’ by introducing the 
new variable », defined by x= —6,+<2, inter- 
changing the order of the integrations and per- 
forming the elementary integration with respect 
to s. The resultant formula is a sum of two 
integrals with respect to n, vis: 

+5: 


1 


(1+ 


(uen)?® 


noo 


noo 
aye 


$1 +62 


(uen)* 


(10) 


In general, this final integration must be carried 
out numerically. However, for large absorber 
thicknesses we may use the asymptotic form 
of Io(x), i.e., 


To(x)~ (11) 


(2x)! 


which gives a result accurate to within 2 percent 
for values of x as small as 6. Inserting this ex- 
pression for Jo(x) into Eq. (8) we find that, for 
large absorber thicknesses (mood;212), ‘‘A’’s;, 
is given to within ~1 percent by 


“a” 
(uedi +x)! 
= 51+ 52) 4) — a (12) 


where (x) denotes the error integral, defined by 
2 z 
(x) f edt. (13) 
ri 0 


The neutron transmission through an absorber 
of thickness 6, is defined to be the fraction by 
which the activity of the detector is reduced 
when the absorber is interposed between the 
detector and the paraffin. The transmission, 
therefore, can be written 


82 


0,82 


Pi2(51) = (14) 


which involves only the cross section at resonance 
and not the resonance energy and the total 
width. It is perhaps not entirely superfluous to 
point out that the transmission thus defined is 
not the fraction of the incident number of neu- 
trons which penetrate the absorber. The trans- 
mission at large thicknesses assumes a particu- 
larly simple form in two special cases: (a) 
1, noode<1, (b) 5:62, 
noo u., Which correspond, respectively, to a thin 
detector and to a thick detector whose electronic 
absorption coefficient is small compared with the 
cross section at resonance. It is easily shown 
that the transmissions in these two cases are 
and respectively. 

Since the transmission curves involve only a 
single adjustable parameter, the cross section at 
resonance, an attempt to bring the calculated 
curves into coincidence with the observed curves 
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by suitably choosing the resonance cross section 
is a severe test of the assumed dependence of the 
capture cross section on the energy of the neu- 
tron. We shall now describe calculations of this 
nature for rhodium. 


Rhodium 


Experimental transmission curves have been 
obtained for the two detector thicknesses 
pb2=0.11 g/cm* and pé:=0.35 g/cm’. The cross 
section at resonance is most conveniently calcu- 
lated from the data obtained with the thicker 
detector. Anticipating that mood2>12 for 
=0.35 g/cm’, we may calculate the “activity” 
“A's, 4, from Eq. (8) by integrating with respect 
to x from zero to infinity, subtracting the integral 
from 42 to infinity and utilizing the asymptotic 
expansion of Jo(x) in the latter integral. Thus, 


@ 1 


3(u.mao) as 


= —(1—(y,62)! 15 
ia (——) (15) 


@ 


1 
since a>b. (16) 
b?) 


0 (a?— 


Performing the integration with respect to s we 
obtain, finally : 

=) 

Me 


(( +“) (=) ) tiny 


Using the asymptotic expansion of Jo(x) in the 
second integral of the expression (10) for the 
“activity” ‘‘A’’s;, #2, we obtain 

Bi +b: 


(= 


(wen)? 
1 
(18) 
(ued: ! 


We may now calculate the resonance cross 


section by fitting the experimental transmission 
at some value of the absorber thickness. Taking 
p,=0.10 g/cm’, and using the experimental 
value of the electronic absorption coefficient, 
ue/p=7.3 cm*/g,* we find that the observed trans- 
mission of 50 percent is obtained with noo/p = 36 
cm*/g.‘ This value of the absorption coefficient, 
which corresponds to a cross section at resonance 
of 6,100 cm?,* justifies the assumption that 
nood2> 12. With the value of the resonance cross 
section thus obtained, we may now calculate the 
complete absorption curve for comparison with 
experiment. The results of this calculation, which 
are in good agreement with the experimental 
points, are given as the solid line of Fig. 1. 

Despite the good agreement, it seemed advis- 
able to check the results with a thinner detector 
(0.11 g/cm*). The calculated curve (noo/p = 36) 
and the experimental points are shown in Fig. 2. 
The agreement is good for transmissions greater 
than 20 percent, but for lower values the observed 
transmissions are definitely less than those calcu- 
lated. Agreement is hardly to be expected at 
large absorber thicknesses in view of the neglect 
of the factor (E»/E)' which may well be of con- 
siderable importance in this region where only 
the wings of the line contribute to the activity of 
the detector. For the thick detector, the agree- 
ment at large thicknesses of absorber must be 
attributed to the effect of the paper container in 
increasing the number of neutrons in the center 
of the line where the capture probability is large. 
This effect increases the transmission. Such a 
process was demonstrated by a simple experiment. 

Another check of the value of noo/p can be 
obtained very simply by measuring the activity 
of both faces of a rhodium detector. The ratio of 
the activities is given by 


1 
fef 


~ 3 Amaldi, Hafstad and Tuve, Phys. Rev. 51, 896 (1937). 

* An estimate of the sensitivity of this method may be 
obtained from the following: (a) An assumed absorption 
coefficient of 52 cm*/g yields a transmission _ 45 percent. 
(b) 29 veg | gives a transmission of 55 

Bethe (Rev. Mod. 9, 146 (1939)) ha: 
our eed result (Phys. Rev. 51, 1022 (1937)), but has 
incorrectly given the a tion coefficient at resonance 
as 19 cm*/g instead of 36 cm*/g, although the cross section 
given in his Table XXVII, p. 151, is correct. 
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For a detector thickness pi=0.36 g/cm* and 
noo/p= 36 Eq. (19) gives the value 2.1. Amaldi 
and Fermi have observed a ratio of two for this 
thickness of detector. We have measured the 
ratio for a Rh sheet 0.18 g/cm? (kindly loaned us 
by Professor E. O. Salant) and found it to be 
1.43+0.01. The calculated value is identical. 

The total width of the rhodium resonance level 
may be obtained from Amaldi and Fermi’s 
measurements of the resonance and thermal ac- 
tivity of a detector, averaged over all positions 
and orientations inside a large block of paraffin. 
The average over-all directions may be replaced 
by an average with respect to two opposite 
orientations of the detector, whence it may be 
shown that the mean resonance activity of the 
detector is proportional to 


f -f ‘dx 


Na ox 
2z 


where Q is the number of neutrons emitted per 


Xexp| — + (20) 


1 
Arts 
T 


1 
f dxf 4 
0 0 


SCHWINGER 


second from the source, \» is the mean free path 
in paraffin of the resonance neutrons, and 6 de- 
notes the thickness of the detector. The average 
thermal activity, which is most conveniently 
measured by subtracting the activity obtained 
with a Cd filter on both sides of the detector 
from the activity measured with the detector 
screened by Cd on only one side, is similarly 
proportional to 


Ker (21) 


In deriving this expression, the dependence of 
the thermal cross section ¢, on energy has been 
neglected. Here \, represents the mean free path 
in paraffin of the thermal neutrons and N sym- 
bolizes the average number of mean free paths 
traversed by a thermal neutron before capture. 

From these two expressions, [/E) may be 
calculated in terms of the experimentally deter- 
mined ratio of the resonance and thermal ac- 
tivities, viz; 


(22) 


Eo Tao Xo 1 nov 
0 0 


According to Amaldi and Fermi, the experimental 
value of this activity ratio, obtained with a 
detector thickness of p§ =0.36 g/cm’, is 


The other experimental quantities involved in 
Eq. (22) have also been determined. The thermal 
cross section of Rh has the value 120 
cm*, corresponding to an absorption coefficient of 
0.7 cm*/g. The mean free path in paraffin of the 
thermal neutrons is \.=0.30 cm. The mean free 
path of the resonance neutrons has not been 


measured accurately. It may, however, be ob- 
tained from the thermal mean free path, using 
the theoretically calculated effect of molecular 
binding. Assuming the protons in a paraffin 
molecule to be isotropically bound, Fermi has 
shown that A /A-=3.3. Bethe, however, has 
lowered this value to A9/A-=2.8 by taking into 
consideration the anisotropic binding of the pro- 
tons. The mean free path of the resonance neu- 
trons is, therefore, equal to 4» =0.85 cm. The last 
experimental quantity we shall require is N}. 
Experiments on the “albedo” of thermal neu- 
trons in paraffin yield the result that N#= 14. 
Combining these experimental values with the 
calculated values of the integrals, we obtain 
This result for with a reso- 
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nance energy E,)=2.0,* leads to a total width of 
the Rh resonance of = 0.14 ev. The value of the 
width thus obtained from relative activity meas- 
urements may be compared with the width calcu- 
lated from the thermal and resonance cross sec- 
tions by assuming the one-level formula (1) to be 
applicable. Taking the average energy of the 
thermal neutrons as kT = 0.026 ev, we obtain 


since the resonance energy is large compared to 
both kT and the natural width. Inserting the 
values of and oo, namely cm* 
and o9=6,100X10-" cm’, we find that [=0.19 
ev, which is in substantial agreement with the 
value of the width deduced from activity meas- 
urements in view of the uncertainty in the experi- 
mental values of many of the quantities in- 
volved.’ If the total width be taken as 0.17 ev, a 
weighted mean, the value of the neutron width 
is T, =1.6X10~ ev. 

In their early experiments on resonance neu- 
trons Amaldi and Fermi measured the self- 
absorption of rhodium for a single absorber 
thickness (0.36 g/cm*). Their detector thickness 
and geometry were the same as in the present 
“thick” detector case, and their value which is 
included in Fig. 1 is in excellent agreement with 
our data for this absorber thickness. Unfortu- 
nately the importance of self-reversal was not 
realized at the time of their measurements, and 
their effective absorption coefficient noo/p=2.0 
at 0.36 g/cm* is almost twenty times smaller 
than the absorption coefficient at the resonance 
energy. 

Preiswerk and von Halban* discovered the de- 
pendence of absorption coefficient on absorber 


* Data of Goldsmith-Rasetti corrected for boron scatter- 
ing and electronic absorption in the eens, 
The agreement is somewhat i by utilizing 
recent mean free path measurements. me th thermal neutron 
mean free path deduced from the measurements of H. 
Carroll and J. R. Dunning is A,.=0.25 cm. According to 
unpublished measurements of V. W. Cohen, H. H. 
Goldsmith, and J. Schwinger (see Letter to the Editor, 
this issue), the mean free path in paraffin of resonance 
neutrons is \»>=0.6 cm. The experimental ratio Ao/A- is 
therefore 2.4 which must replace the calculated ratio of 2.8. 
The value of the total width is altered to 0.17 ev which 
compares more favorably with the value of 0.19 ev deduced 
from the thermal cross section of Rh. 
5 Preiswerk and von Halban, Nature 138, 163 (1936). 


thickness and correctly attributed it to self- 
reversal. Their data is also included in Fig. 1, 
although, since their geometry and detector 
thickness have not been stated, complete agree- 
ment cannot be expected. 

Since this work was completed, Jaeckel® has 
applied a similar method to the case of rhodium 
obtaining an absorption coefficient at resonance 
of 25 cm*/g. The use of an old value of the elec- 
tronic absorption coefficient (6 instead of 7.3), 
however, should make his value too low. 


DisCUSsION 


The experimental transmission curve decreases 
more rapidly with absorber thickness than 4,~', 
which is the shape of the absorption curve de- 
duced from (12) when the absorber thickness is 
large compared with the detector thickness. This 
discrepancy between observed and calculated 
transmissions at large absorber thicknesses indi- 
cates that one or more of the approximations 
which have been made in the preceding analysis 
are invalid under these conditions. Approxima- 
tions have been introduced concerning the neu- 
tron intensity variation with energy and angle, 
the energy dependence of the capture cross 
section, and the law of electronic absorption. The 
discrepancy is necessarily to be attributed to an 
inadequacy of the approximate formula (3) repre- 
senting the cross section, and to the neglected 
variation of the neutron intensity with energy, 
for it may be shown that with our previous as- 
sumptions concerning these quantities the calcu- 
lated transmission varies at large thicknesses as 
5,-', quite independently of the laws governing 
electronic absorption and neutron angular dis- 
tribution. 

Equation (3) presupposes a single resonance 
which is sufficiently narrow to permit the neglect 
of the factor (Z,/E)' in the resonance region. 
Furthermore, we have implicitly neglected the 
effect of the thermal motion of the capturing 
nuclei, i.e., the Doppler effect. That the Doppler 
effect is of no great importance may be seen by 
comparing the Doppler width”, © 


* Jaeckel, Zeits. {. Physik 107, 669 (1937). 
” Bethe, Rev. Mod. Phys. 9, 140 (1937). 
" The quoted formula for the Doppler width is deduced 
neglecting the binding of the capturing nuclei. Recent 
pao nary W. E. Lamb, Jr. (in press) have shown that 
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A=2((mE / M)'=0.045 ev 


with the total width [ =0.17 ev. In consequence 
of the small value of A/T, the Doppler effect 
alters the capture cross section only in the im- 
mediate vicinity of the resonance, a region which 
contributes but little to the activity at large 
absorber thicknesses. Therefore the Doppler 
effect exerts no influence on the shape of the 
theoretical transmission curve in the region where 
disagreement with experiment exists. 

Under the conditions obtaining at large ab- 
sorber thicknesses, appreciable absorption is not 
confined to the immediate neighborhood of the 
resonance energy, thus invalidating the neglect 
of the variation of the neutron intensity N(£). 
In the absence of experimental knowledge con- 
cerning this variation, it is reasonable to assume 
that the neutron intensity varies approximately 
as 1/E. 

In order to determine whether the removal of 
the approximations made in connection with the 
single resonance formula is sufficient per se to 
explain the discrepancy, thus obviating the ne- 
: cessity of invoking additional resonances, we 
have calculated the shape of the transmission 
l curve at large thicknesses, using the complete 
formula (1) for the cross section, and N(E) =1/E. 
7 Although these refinements do not suffice to 

reconcile theory and experiment, a somewhat 
wi slower variation of neutron intensity, viz: 1/E!, 


the effect of crystal binding is to 7 kT by the average 
vibrational energy of freedom in the case of 
large natural width. This would lead to an effective 
temperature about 20 percent higher than 7, which has 
no material effect on our conclusions. We are indebted to 
q Dr. Lamb for the privilege of quoting his results before 
publication, 
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was found quite sufficient to reproduce the shape 
of the experimental transmission curves. It would 
therefore appear that the activity arising from 
the resonance level at two volts is competent of 
accounting for the observed transmission curves. 

It is of some interest to note that Rh 3.9 min. 
has a resonance level at approximately the same 
energy as the two-volt resonance of Rh 44 sec.” 
The possibility of an effect of the resonance 
associated with the longer period should be con- 
sidered, for although we are measuring the ac- 
tivity of the 44-sec. period, the absorption process 
involves the excitation of both periods. However, 
the approximate equality of the measured reso- 
nance energies of the two periods, coupled with 
the fact that the concentration of the isotope 
Rh'® is about 1000 times that of the isotope 
Rh'™ proves almost conclusively that both 
periods arise from the same resonance level of the 
radioactive isotope Rh'™; i.e., Rh 44 sec. and 
Rh 3.9 min. are isomeric forms of the nucleus 
Rh’. Inasmuch as the branching-ratio for the 
two periods is presumably independent of the 
energy of the captured neutron, the cross section 
for the formation of Rh 44-sec. differs from the 
total cross section by a constant factor, which 
obviously changes all the activities by a constant 
factor, and thus leaves the calculated trans- 
missions unaffected. 

In conclusion, the authors wish to express ap- 
preciation to the American Platinum Company 
for the rhodium which it so kindly loaned to the 
Columbia Department of Physics; and to Mr. M. 
Hamermesh for aid in some of the calculations. 


% Goldsmith and Rasetti, Phys. Rev. 50, 328 (1936). 
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PHYSICAL REVIEW 


VOLUME 


Radioactivity Induced by Nuclear Excitation* 


I. Excitation by Neutrons 


M. Go_pHaBer,t R. D. Hitt,} Cavendish Laboratory, Cambridge, England 
AND 


Leo Szicarp, Clarendon Laboratory, Oxford, England 
(Received November 5, 1938) 


It is shown that the 4.1-hr. period of indium can be produced by nuclear excitation of indium 
and is to be attributed to an excited metastable state, In™*,* of the stable In“*. This result is 
obtained by studying the radioactivity produced in indium by neutrons of different energy 
distributions and by studying the chain reactions produced in cadmium by fast neutrons. It is 
found that In"** can be produced from In"* by 2.5-Mev neutrons, but not noticeably by strong 
sources of photoneutrons which have energies of a few hundred thousand electron volts. A 
radioactive Cd" of 2.5-day half-life time is found to transform with emission of negative 
electrons into In"**, Cd"* was produced by neutron loss from Cd™* and by neutron capture 


from Cd™, 


HEN indium is bombarded with fast 

neutrons from a Rn-Be source, a radio- 
active indium isotope, of 4.1-hr. half-life time, is 
produced which emits negative electrons.' So far, 
it has been assumed, that when an element is 
transformed by neutron bombardment into its 
own radioactive isotope, the radioactive isotope 
is generated either through neutron capture or 
through neutron loss from the bombarded ele- 
ment. The present experiments, however, indi- 
cate that this radioactive In isotope is generated 
through a new type of nuclear process—nuclear 
excitation leading to a metastable isomer of the 
stable In'*. For this metastable isomer we 
introduce the symbol In"™*, 

As it was known that more than two radio- 
active isotopes of indium could be generated by 
neutron bombardment from the two stable 
isotopes of indium, a further investigation of their 
generation appeared to be of interest. Two of 
these radioactive isotopes, of 13-sec. and 54-min. 
half-life time, have been assigned to mass number 
116. They are isomers produced from In™*® by 


* Some of these experiments have been reported at the 
Washington Meeting of the American Physical Society, 
April 1938, and at the British Association ye | in 
Cambridge, August 1938. (See Nature 142, 521 (1938)). 

t Now at the University of Illinois. 

m 1851 Exhibition Scholar, now at the University of 
inois. 

1 Szilard and Chalmers, Nature 135, 99 (1935); Amaldi, 
d’Agostino, Fermi, Pontecorvo, Rasetti and é, Proc. 
Roy. Soc. A149, 522 (1935); Lawson and Cork, Phys. Rev. 
52, 531 (1937). 


radiative capture of the neutron. In order to 
learn more about the generation of the 4.1-hr. 
period, which did not appear to be water- 
sensitive, we made the following experiments. 


§1. GENERATION OF In"** FROM INDIUM 


A thick indium foil was bombarded with 
Rn-a-Be neutrons, and showed the 4.1-hr. period 
more strongly than the 54-min. capture period. 
A similar indium foil irradiated with photo- 
neutrons from a strong radium-beryllium source 
(0.5 g Ra-260 g Be) did not show the 4.1-hr. 
period, though the photoneutron source was so 
strong that it produced the 54-min. capture 
period with an initial activity of 1200 impulses 
per minute recorded by a Geiger-M illler counter. 
Control experiments showed that this large 
activity was caused by the primary photo- 
neutrons and not by slower scattered neutrons 
which would obviously produce a large activity 
of the 54-min. period by resonance capture. If the 
4.1-hr. period, which is strongly produced by the 
fast Rn-a-Be neutrons, belonged to an isomer of 
In'"*, it would be difficult to understand why this 
period is not appreciably produced from In™* by 
capture of the photoneutrons which have 
energies of a few hundred thousand electron 
volts. We conclude therefore that this period 
must not be attributed to In™*. 

We made further experiments with neutrons 
from a radon-boron source. It was found that 
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these neutrons excite the 4.1-hr. period more 
strongly than either the 25-min. period of I, or 
the 54-min. period of In, which are both caused 
by neutron capture ; and also much more strongly 
than other investigated periods which are known 
to require fast neutrons for their excitation, such 
as the 10-min. and 15-hr. periods of Al, the 
2.3-min. period of Si, and the 2.3-min. period of 
P. The 170-min. period of P which does not 
require very fast neutrons for its excitation is, 
however, more strongly activated than the 4.1-hr. 
period of In. These results are.in accord with the 
fact that a radon-boron source is deficient in very 
fast neutrons compared with a Rn-a-Be source. 
The strong activation of the 4.1-hr. period in the 
present experiment cannot be attributed to a 
neutron loss reaction from either In"* or In"* for 
such a reaction requires very fast neutrons. 

Nor can the strong activation of this period by 
radon-boron neutrons be attributed to neutron 
capture from In", since the relative abundance 
of this isotope is only five percent. The capture 
cross section of In", corrected for the half-value 
thickness of the 8-rays, would have to be 100 
times larger than the capture cross section of 
iodine. In the absence of slow neutrons we 
cannot expect such large differences of capture 
cross sections among the strongly absorbing 
elements of odd atomic number of such similar 
atomic weight. This is borne out by an unpub- 
lished survey of the relative capture cross 
sections of elements for Ra+Be photoneutrons 
which was made by J. H. E. Griffiths, Oxford, in 
collaboration with one of us. 

_ Finally indium was irradiated with neutrons 
of about 2.5-Mev energy, produced by bom- 
barding heavy ice with deuterons of 250 kev. 


TABLE I. Stable and some radioactive isotopes of cadmium, 
indium and tin in the mass range 112 to 117. For stable 
isotopes the relative abundance in percent co= in 
heavy type. For radioactive isotopes the half-life 
periods are given in italics. 


M aCd ein 

117 th 2.3h 9.1 

116 7.3 13s 15.5 
54m 

115 25d — 4.th 0.4 
95.5 

114 28.0 0.8 

113 12.3 4.5 

112 24.2 1.1 


The 4.1-hr. period was found to be strongly 
activated. Obviously this cannot be caused by a 
neutron loss reaction, since the available energy 
is certainly less than the binding energy of the 

neutron in an In isotope. : 

The experiments described rule out the possi- 
bility that this radioactive indium isotope is 
generated from a stable indium isotope by 
neutron capture, or neutron loss, and therefore 
exclude an indium isotope of mass number 112, 
114 or 116 as the carrier of the 4.1-hr. period. 
Moreover, the fact that photoneutrons from a 
Ra-Be source do not excite the 4.1-hr. period, 
while neutrons from the D+D reaction do so, 
suggests that its carrier might arise through a 
process which has a real or apparent energy 
threshold. 

These results forced us to assume that the 
4.1-hr. period is generated by a new type of 
process. In order to explain this period we 
assumed that the In''* nucleus may be excited by 
neutron impact and left in a metastable excited 
state, In"**, This metastable In™* may be 
radioactive and transform either by {-dis- 
integration into its stable isobar Sn'*, or by 
emission of y-rays and internal conversion 
electrons into the stable In''*. 

If this assumption is correct it should be 
possible to produce this radioactive indium 
isotope by other methods of nuclear excitation 
from indium, e.g. by proton impact. S. W. 
Barnes and P. W. Aradine, Rochester, will report 
in the following paper on the nuclear excitation 
of indium by protons. 

It is conceivable that the existence of a 
metastable state of In"® is connected with the 
high nuclear spin (9/2) of In". If the metastable 
In"5* has a small spin it will be difficult to reach 
the metastable state from the ground state by a 
direct transition. As a rule, a higher excited 
state of indium will have to be produced, from 
which the metastable state can be reached by one 
or more spontaneous transitions. The apparent 
energy threshold of In''** may therefore be con- 
siderably above the level of the metastable state. 


§2. GENERATION OF In''** rFRomM CADMIUM 


Other methods of producing In"** can be 
devised, and we have isolated In"™** from 
cadmium bombarded by neutrons from Li+D, 
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thus confirming our assignment of the 4.1-hr. 
period. 

As can be seen from Table I, cadmium has an 
isotope of mass number 116 having a relative 
abundance of 7.3 percent. By bombarding cad- 
mium with fast neutrons of the Li+D reaction, 
one could hope to produce a radioactive Cd"* by 
the neutron loss reaction Cd"* (m, 2m). Such a 
radioactive isotope could be expected to emit 
negative electrons and it might transform partly 
into the stable In"* and partly into the meta- 
stable 

We bombarded metallic cadmium for several 
hours with neutrons from Li+D using deuterons 
of 950 kev and currents averaging 30ua. The 
irradiated cadmium was dissolved in nitric acid 
and a small quantity of indium was added. 
Indium was precipitated by adding ammonia. 
The indium which was separated from the 
cadmium solution two days after the irradiation 
showed a single activity decaying with a 4.1-hr. 
period. By successive separations of indium from 
the cadmium solution it was found that this 
radioactive indium isotope grew from a parent 
substance of 2.5-day half-life period. This indium 
isotope was found to emit negative electrons. 

We have compared the half-life period and the 
electron absorption curve of this radioactive 
indium isotope with the half-life period and the 
electron absorption curve of the radioactive 
indium isotope produced by fast neutrons from 
indium. The result confirms our assumption that 
the two are identical and that the carrier of the 
4.1-hr. period is In''5*. The range of the electrons 
in Al was found to be 0.15 g/cm*. This corre- 
sponds to an energy of 550+100 kev. 

Our experiments show that In"™** grows from 
the parent Cd''* which decays with a half-life 
time of 2.5 days. We find by magnetic analysis 
that Cd"* emits negative electrons, thus trans- 
forming into In"™** and perhaps also into the 
stable In™52 


*A radioactive Cd isotope of similar half-life time 
(58 hr.) has been previously reported to exist by Cork and 


To investigate whether Cd"* can also be 
obtained by slow neutrons we irradiated with 
neutrons a cadmium sheet which was enclosed 
between two similar cadmium sheets and placed 
inside a paraffin block. We found that the two 
outer sheets showed a stronger activity of the 
2.5-day period than the inner sheet. This indi- 
cates that Cd"* is produced by slow neutron 
capture from Cd". The activity produced in this 
way is small compared with the activity produced 
by the neutron loss reaction from Cd", 

The properties of In"** are of great interest 
both from the point of view of the nature of 
isomeric nuclei and of isobaric pairs. A detailed 
investigation of the radiations emitted by In'** 
is now being carried out. An account of some 
preliminary experiments has been given at the 
British Association Meeting.* 

We wish to thank all those who have cooperated 
in this work: Dr. F. M. Brewer, Old Chemistry 
Laboratory, Oxford, who in the early stages of 
this work identified the carrier of the 4.1-hr. 
period as an isotope of indium; Mr. P. I. Dee, 
Cavendish Laboratory, Cambridge, who made 
it possible for us to use strong Li+D neutron 
sources; Drs. E. T. Booth, C. H. Collie and C. 
Hurst, Clarendon Laboratory, Oxford, who 
carried out the irradiations with D+D neutrons. 
Our thanks are also due to Professor F. A. 
Lindemann, F.R.S. and to Dr. J. D. Cockcroft, 
F.R.S. for their kind interest in this work. We 
are much indebted to the Anaconda Wire 
and Cable Company who very generously 
enabled us to work with large quantities of 
indium. 

Thornton (Phys. Rev. 51, 608 (1937)), but assigned by 
them to mass number 117. also reported a radioactive 
isotope of In of 2.3-hr. half-life time which they ascribed 
to In"? and which appeared to grow from a 58-hr. Cd 
parent. We find this indium isotope only when we precipi- 
tate indium from the cadmium solution in a time less than 
two days after irradiation. By successive separations we 
find that it grows from a 4-hr. Cd parent, a radioactive 
isotope which has been previously yey iid Cork and 


Thornton and at the time assumed to be 
+See Nature 142, 521 (1938). 
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Radioactivity Induced by Nuclear Excitation* 


II. Excitation by Protons 
S. W. Barnes, Department of Physics, University of Rochester, Rochester, New York 
AND 


P. W. Arapine,** Department of Chemistry, University of Rochester, Rochester, New York 
(Received November 5, 1938) 


Radioactive indium resulting from proton bombardment of indium exhibits negative electron 
emission which decays with a 4.1-hr. half-life. Proton bombardment of cadmium does not 
produce this activity. It is ascribed to a metastable excited state of In" designated by In™** 
formed by a new type of proton excitation process. Control experiments exclude the possibility 
of its being formed by stray neutrons. The cross section for protons of 5.8 Mev is about 10~** cm’. 


T THE present time there are known seven 

radioactive periods assigned to In isotopes. 

Of these, six periods have been definitely assigned 

to five mass numbers, i.e., 111, 112, 114, 116, 116 

and 117. The assignment of the seventh period, 

a 4.1-hr. negative electron emitter, has been 
subject to doubt. 

This activity' discovered by Szilard and 
Chalmers has been found by Lawson and Cork 
both after fast neutron bombardment of indium 
and after deuteron bombardment of cadmium. 
Goldhaber, Hill and Szilard have found that a 
minimum neutron energy is apparently required 
to produce this activity. They have suggested? 
that In" can be raised to an excited metastable 
state by inelastic neutron collisions, in which the 
neutron is captured and then released with lower 
energy. They have assumed that the 4.1-hr. 
period is associated with this metastable excited 
state which they designate by In™**. This view 
can be tested by proton bombardment of indium. 
It is obvious that no previously known type of 
proton reaction could produce any radioactive In 
isotope by bombardment of In. Thus if the 4.1-hr. 
activity is found it is conclusive proof that it is 
produced by a new type of process, In (p-p). 

This may be substantiated in another way. No 
stable isotope Cd"* being known, proton bom- 


* Some of these experiments have been reported at the 
pei meeting of the American Physical Society, 

pril, 

** Now at Taylor Instrument Company, Rochester, 
New York. 

1L, Szilard and B. Chalmers, Nature 135, 99 (1 35); 
J. L. Lawson and J. M. Cork, Phys. Rev. 52, 531 (1937). 


* See preceding paper. 


bardment of Cd should not yield isomers of In'!* 
by the Cd (p-m) reaction. In'™, however, ought 
to be formed from Cd"™. 

We have bombarded Cd and In with 6.7-Mev 


protons in the cyclotron. Our experiments show 


(a) that proton bombardment of indium pro- 
duces the 4.1-hr. activity and (b) that proton 
bombardment of Cd does not, although it does 
give the 50-day activity characteristic of In™. 
These results corroborate the assignment of the 
4.1-hr. activity to In™** and show that this 
metastable state can be produced by exciting the 
indium nucleus by fast protons. 

A sample of “pure’’ indium was selected for 
use. A chemical microanalysis showed the follow- 
ing impurities to be present—Pb, Sb and Sn in 
amounts of 1. to 0.1 percent and Al, Fe, Cd, Bi 
and Zn in amounts of 0.1 to 0.01 percent. One of 
us then carried the sample through a chemical 
procedure calculated to reduce the abundance of 
these impurities by at least a factor of 10. The 
purified indium, again in metallic form, was rolled 
into foil six mil (0.006’’) in thickness. 

Since the cyclotron chamber is a strong source 
of neutrons when it is producing protons of over 
six Mev, it was necessary to separate the effects on 
the indium of the neutrons and protons. For this 
purpose two indium foils, separated by a ten-mil 
(0.01") foil of Pb were mounted in the vacuum 
bombardment cup. Foil (1) facing the beam re- 


- ceived protons and stray neutrons. Foil (2) im- 


50 


mediately behind the lead foil received no protons 
but the same stray neutrons as struck foil (1). 
A ninety-minute bombardment with a }-ua 
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Fic. 1. Decay of indium precipitate from In bombarded by protons 


. The ordinates when multiplied 


by 30 give the number of 8-particles emitted per sec. in all directions by the sample. 


beam of 6.7-Mev protons produced in foil (2) 
a small activity of the 54-min. period which is 
caused by neutrons but no activity of a 4.1-hr. 
period. This latter period did not appear in foil 
(2) even with much longer exposures. 

Samples of In chemically separated from In 
foil (1) after this foil was exposed to the proton 
beam showed an activity decaying according to 
Fig. 1. Six hours after exposure the decay curve 
shows only a 4-hr. period. 

Visual inspection of cloud-chamber tracks from 
this sample showed that the majority of the 
emitted electrons were negative, but the activity 
was too weak for a satisfactory investigation by 
this method. More definite information as to the 
sign was obtained in the following way. 

A small electromagnet is suspended over the 
window of the ionization chamber and the active 
sample placed at the edge of the air gap between 
the poles in an arrangement which has been 
described by one of us.’ A small lead shield be- 
tween the radioactive sample and the window 
prevents electrons from entering the chamber in 
the absence of the magnetic field. Fig. 2 shows the 
decay curve obtained from a bombarded In foil 
with a magnetic field which allowed only negative 
electrons to enter the chamber. It shows the 
4.1-hr. period. This period did not appear when 
the magnetic field was reversed, thus the 4.1-hr. 
activity does not exhibit an appreciable positive 
electron emission. 

It was not possible to make an accurate deter- 


+S. W. Barnes, Rev. Sci. Inst. in press. 


mination of the range of the electrons but the 
values so far obtained are consistent with the 
value found for the 4.1-hr. period produced from 
Cd by fast neutrons.’ 

It appears from our results that fast protons 
can excite the stable In™* and produce a meta- 
stable In"**. The cross section for the excitation 
of the In nucleus which leads (not necessarily 
directly) to In™** is found to be about 10-** cm?* 
for 5.8-Mev protons. 

This cross section is much smaller than the 
cross section for p-n reactions in this region of 
the periodic system. For instance if neighbors of 
In, Cd and Sn, are bombarded by protons, radio- 
active isotopes of In and Sb are produced re- 
spectively and the cross sections for these reac- 
tions are about 10-** cm*. Radioactivities caused 
by p-n reactions can therefore easily over- 
shadow radioactivities caused by nuclear excita- 
tion. Fortunately the p-n reaction in In", the 
more abundant In isotope, apparently leads to a 
stable isotope Sn"*. This pair is one of the three 
known cases of such stable isobars. In“, however, 
which has a relative abundance of less than five 
percent might yield a radioactive Sn™ by a p-n 
reaction. One of the activities observed in a 
sample of Sn which has been separated from 
bombarded In may be caused by Sn’. This 
activity is now being investigated along with 
other activities produced by proton bombard- 
ment of In and Cd. 

Weisskopf has pointed out that a proton can 
excite a nucleus in two different ways, i.e., either 
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Fic. 2. The decay of the negative electron emission of In bombarded by protons. 


by an inelastic collision similar to an inelastic 
collision of a neutron or through the action of the 
electric field of the proton.‘ 

The authors gratefully acknowledge their in- 
debtedness to Dr. L. Szilard and Dr. M. Gold- 
haber for suggestions which prompted this study 
and for valued suggestions made by them and 
Professor L. A. DuBridge during the course of 


‘V. F. Weisskopf, Phys, Rev. 53, 1018 (1938). 


the work. They wish to thank Professor Line for 
microanalytical work, Mr. R. Grabenstetter for 
chemical separations and particularly Mr. T. 
Enns for much help in connection with cyclotron 
operation.* 


* Note added in Fo, ge has been bombarded 
with 0.01 wa of 8.5-Mev alpha-particles. No 4.1-hr. 
activity was observed. According to this result the cross 
section for excitation of In'* with 8.5-Mev alpha-particles 
cannot be more than twice the cross section for the excita- 
tion of In'* by 6.5-Mev protons. 
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The Zeeman effects of the principal series lines of sodium 
and potassium in the range »=10 to 35 are observed in 
absorption, using the new 60-inch cyclotron magnet. With 
a field of 27,000 gauss, the lines having m in the neighbor- 
hood of ten show a normal triplet representing the com- 
plete Paschen-Back effect of the narrow *P doublet. From 
about m= 12 to 20 all components show an increasing dis- 
placement toward short wave-lengths proportional to (*),‘ 
the shift of the components being half that of the center 
of the two ¢ components. This is the quadratic Zeeman 
effect, varying as H", and is here measured and compared 
quantitatively with theory for the first time. The agree- 
ment with the simple theory is excellent as far as m= 20. 
Beyond this the lines show an additional displacement in 
the same direction, increasing as a higher power of n. At 


HE quadratic Zeeman effect is a displace- 
ment toward short wave-lengths of the 
Zeeman components of a spectral line, propor- 
tional to the square of the magnetic field. It is 


the same time the lines are broadened toward the red, 
with indications of an unresolved component whose inten- 
sity increases rapidly with n. The displacement is inter- 
preted as a perturbation by the F states, whose separation 
from the P states in this region becomes comparable with 
the magnetic energy. The additional lines causing the 
broadening represent forbidden transitions *S—>*F. Beyond 
n=28 the broadening increases suddenly and becomes 
symmetrical, until the lines are no longer distinguishable 
at n=35. All of these perturbation effects are compared 
with the theoretical results given in the accompanying 
paper by Schiff and Snyder. Some features are accounted 
for quantitatively, while the others are satisfactorily ex- 
plained qualitatively. 


directly related to the diamagnetic term in the 
theory of magnetism, which contains the square 
of the “radius” of the atom. In both classical and 
quantum mechanical theories of the Zeeman 
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effect this quadratic term is usually neglected, 
because it is unobservable under most circum- 
stances. The existence of the quadratic shift 
was first shown experimentally by Segré' in a 
study of the Zeeman effect of the last observable 
members of the principal series of sodium. The 
shift could only be detected qualitatively, and no 
accurate measurements could be made for com- 
parison with theory. Hence we have repeated 
these experiments under improved conditions, 
and have extended them, for reasons mentioned 
below, to potassium. In our work the Zeeman 
patterns are completely resolved, and the shifts 
are measured rather accurately. For the last 
members of the series, a new perturbation effect 
is found, which in sodium appears as an unsym- 
metrical broadening of all Zeeman components, 
eventually becoming symmetrical and smearing 
the lines into an apparent continuum consider- 
ably before they reach the series limit. The theory 
of these effects is discussed in the accompanying 
paper by Schiff and Snyder. 

The simple theory of the quadratic effect? gives 
displacements proportional to the fourth power 
of n*, the effective quantum number, and since 
the coefficient is of the order of magnitude of 
10-'* cm="', the shifts become detectable only for 
rather large values of m*, exceeding about 12. 
The Zeeman effects usually studied involve small 
n, and hence the quadratic term is negligible in 
these cases. In the study of lines of large n, one is 
practically restricted to absorption lines, since 
for emission it is not possible to put a sufficient 
number of atoms in the initial states to obtain the 
required intensity. The principal series of the 
alkalis afford the most favorable case, the sodium 
series having been observed in absorption® as far 
as n=59. To obtain these lines without undue 
pressure broadening, the length of the absorbing 
column of vapor cannot be made too small, and 
therefore a magnetic field of considerable dimen- 
sions is required. We were fortunate in having 
available the new cyclotron magnet of the 
Crocker Radiation Laboratory, the poles of 
which have a diameter of 152 cm. 


1 E. Segré, Nuovo Cimento 11, 304 (1934). 

2 See for example J. H. Van Vieck, Theory of Electric and 
Magnetic Susceptibilities, p. 178. 

?R. W. Wood and R. Fortrat, Astrophys. J. 43, 73 
(1916). 


EXPERIMENTAL 


The original pole separation of the magnet was 
56 cm. This was reduced to 4.4 cm by inserting 
large iron blocks, the final pole faces being 15 x 63 
cm. In the remaining space a magnetic field of 
27,000 gauss was obtained, as measured by a 
fluxmeter. By inserting suitable shims, the field 
was made constant to +100 gauss over the region 
to be occupied by the absorbing vapor. 

The absorption tube was of Pyrex tubing 3.5 
cm in diameter and 110 cm long. The ends were 
closed by plane fused quartz windows, and the 
central portion, 30 cm long, heated by a Ni- 
chrome winding. A few lumps of the alkali metal 
were placed along the heated part, and after the 
tube had been evacuated and heated until the 
metal fused, fresh hydrogen was introduced at 
about ten cm pressure to prevent diffusion to the 
windows. The temperature required to bring out 
the high series members of sodium was 500°C. 
A sensitive criterion for the proper pressure is a 
characteristic azure blue color of the transmitted 
light. For potassium it is a light green. 

As a source for the continuous spectrum, we 
used a hydrogen lamp of the conventional design, 
carrying a current of 180 ma at 7000 volts. With 
this source, the exposures for the sodium series, 
which converges at (2412, varied from 15 to 30 
min. For potassium, with a convergence at \2856, 
5 to 10 min. were sufficient. The light was rend- 
ered parallel by a quartz-fluorite achromat, and, 
after traversing the absorption tube, focused on 
the slit of the spectrograph by a lens of fused 
quartz. Between this lens and the slit was placed 
a calcite crystal of such a thickness that the two 
images of the source, polarized perpendicular 
and parallel to the magnetic field, almost touched. 
A diaphragm was used which in one position ex- 
posed the two adjacent halves of the images (for 
the spectra of the x and o polarizations with field) 
and in another the two outer halves (for the 
spectrum without field). A slight artificial shift 
of about 0.04 mm was introduced between the 
spectra with and without field, as a result of small 
mechanical displacements arising from the 
magnetization of the spectrograph. In the 
measurements this could be easily determined 
and corrected for, thanks to the presence of emis- 
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Fic. 1. Zeeman effect of the absorption lines of sodium and potassium. H = 27,000 gauss. (a) Na, 
low density, (b) K, low density, (c) Detail of the end of the series, Na, higher density, (d) Same 


for K, higher density. 


sion lines coming from a contamination of mer- 
cury in the hydrogen lamp. 

The spectrograph was a 3-meter Littrow in- 
strument, with a combination of 60° and 30° 
quartz prisms automatically adjusted for mini- 
mum deviation.‘ It gave a dispersion of 0.75A/mm 
at 42412, and 1.36A/mm at A2856. Our best 
plates of the series without field resolved the 
sodium lines as far as m = 51, and the potassium 
lines as far as n=43. 

Several exposures were taken for both sodium 
and potassium, with different densities of the 
absorbing vapor. Fig. 1 shows enlargements from 
two of our plates of each. The fact that the lines 
with field have a false shift toward the red will 
be seen from the emission lines on the plates. In 
the case of potassium, the lines are broader when 
the vapor is dense enough to produce the high 
members with any intensity, and only at the 


(A) (B) | 
Li me 
! 
Z2AVn 


Fic. 2. Zeeman patterns (a) without and (b) with the 
quadratic effect. The pattern shown in (b) is that predicted 
for the line 3S—27P of Na, with H = 27,000 gauss. 


*H. E. White, J. Opt. Soc. Am. 25, 241 (1935). 


lowest densities used were the ¢ components well 
resolved. This, combined with the lower disper- 
sion of the spectrograph, made the results for 
potassium less accurate than those for sodium. 


DATA AND RESULTS 


The simple theory of the quadratic effect, out- 
lined in the following section, predicts the Zee- 
man pattern shown in Fig. 2(b). Both + and ¢ 
components are displaced toward higher frequen- 
cies, the quadratic shift Avg of the component 
being half of the shift of the center of gravity of 
the « components. For comparison, Fig. 2(a) 
shows the normal pattern to be expected for the 
lines of fairly low n, i.e., in the neighborhood of 
n=10. This is really a complete Paschen-Back 
effect of the very narrow doublet *S,—n *P,, ,. 

The lines were measured with a Geneva Society 
comparator, and a curve of the dispersion in 
cm~'/mm drawn, by using the known wave- 
lengths of the lines without field. Two different 
plates were measured for both Na and K. The 
splitting Av, of the o components was first used 
to check the value of the magnetic field by the 
relation 


Av, =4.67 X10-° H cm™. 


The more accurate measurements for sodium 
gave values of H varying from 26,700 to 27,300, 
and therefore we adopt the figure 27,000 obtained 
with the fluxmeter. 
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The displacements of the Zeeman components 
from their no-field positions were then evaluated. 
The plotted points in Figs. 3 and 4 represent the 
average displacements obtained from the meas- 
urements of lines up to m=28. The theory on 
which the curves are based will be considered in 
the following section. 

As will be seen, especially by inspection of 
Fig. 1(c), the lines beyond m= 28 become rapidly 
broader. In Na this broadening is at first defi- 
nitely unsymmetrical, shading off toward the 
longer wave-lengths, and is greater for # than 
for «. Fig. 5 shows microphotometer curves of the 
last few members of these series taken with the 
Zeiss recording microphotometer. The K lines 


2r 


Fic. 3. Displacements of the Zeeman components for 
sodium. The continuous curves give the theoretical dis- 
sep by the simple theory (Eq. (2)), while the 

roken curves include the perturbation effect (Eq. (9) of 
Schiff and Snyder). 


photometered in Fig. 5(b) were necessarily much 
weaker than the Na lines, for if the vapor density 
was further increased to render them stronger, all 
lines, including those with no field, became rap- 
idly broader. 

The microphotometer curves for Na show that 
the unsymmetrical broadening of the * compo- 
nents is already appreciable for the line 3S—23P. 
That it also exists for the ¢ components is shown 
by fact that the long wave-length component is 


Fic. 4. Displacements of the Zeeman components for 
potassium. Similar to Fig. 3 for sodium. 


consistently stronger, being enhanced by the 
wing of the adjacent line. Furthermore, there 
seems to be a definite indication in the curve for 
the + components that the wing is actually a 
faint, nearly resolved line that increases in in- 
tensity until it is practically equal to the original 
line at n= 30. In K the lines are too faint to show 
such a component even if it existed. It was the 
anticipation that the broadening effects should be 
different in K that caused us to try this element. 
The fact that the unsymmetrical broadening 
does not appear is in agreement with theoretical 
expectation, as explained below. One can also con- 
clude that the large difference in broadening be- 
tween the x and « components observed for Na is 
either nonexistent or much less pronounced for K. 

We have measured the positions of the in- 
tensity maxima of the broadened lines beyond 
n= 28. They could be followed as far as n=35 in 
Na and m=33 in K. In the case of the + com- 
ponents of Na it is obvious that these maxima do 
not follow the simple theory of the quadratic 
effect even approximately. Instead of continuing 
to increase in proportion to m‘, the dispiacements 
reach a maximum at n=30, and then decrease 
rapidly toward zero again. This may be easily 
seen in Fig. 5(a). Table I gives the results of these 
measurements. It will be noticed that in K only 
the last measured + maximum deviates signifi- 
cantly from the simple theory. As pointed out 
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Fic. 5. Microphotometer curves (a) for Na, (b) for K. For the ¢ components, the displace- 
ments of the centers of gravity from the no-field lines are indicated. 


below, the first few lines of this table are not 
expected to agree with the simple theory, but 
with a more extended theory. (See broken lines 
in Figs. 3 and 4.) 

The displacements of the « components, on 
the other hand, go on increasing more or less as 
expected. In Fig. 1(c) they may be seen to catch 
up with the no-field lines of next higher n, and 
on the original plate may be observed to “‘lap”’ 
the no-field lines three times before fading out. 
This behavior of the x and « maxima has been 
verified on microphotometer curves like those of 
Fig. 5, but taken with a considerably wider slit. 

As regards the widths of the lines, it is only 
possible to obtain qualitative results from our 
plates. We have measured the widths of the 
microphotometer peaks at half-maximum for the 
broadened z and ¢ components of Na. The curves 
for the « doublets can easily be analysed into two 
identical unsymmetrically broadened curves 
separated by Av,. Table II shows the measured 
widths of these component peaks, for comparison 
with those of the x and no-field lines. It must be 
remembered that the width of these peaks is 
partly true line width and partly caused by the 
finite resolution of the spectrograph. The effect of 
finite resolving power would be to make the 
observed ratio of the widths of the to the ¢ 
components less than the true ratio, so that it is 
legitimate to regard the ratio from Table II as a 


lower limit to the true ratio. The microphoto- 
meter curves give a reasonably true picture of the 
intensity contours of the lines on our plates, be- 
cause the blackening in this region is on the linear 
part of the plate characteristic. Furthermore, all 
lines are faint enough so that there is no question 
of spurious differences in breadth because of 
saturation effects. 


DISCUSSION 


The Zeeman effect of the first few lines of the 
principal series of the alkalis is the well-known 
anomalous effect of a *S—*P doublet, and, ac- 
cording to Preston’s rule, is the same for all lines 
of the series. However, this holds only as long as 
the magnetic splitting is small compared to the 
doublet separation of the *P term. For the field we 
used (27,000 gauss) the first serious departures 
begin at about »=6 in Na. Since the *P separa- 
tion decreases approximately as 1/n*, the mag- 
netic splitting rapidly approaches a normal triplet 
(Paschen-Back effect) because of the uncoupling 
of the spin and orbit. For n= 10 the *P separation 
is already small compared to the Larmor fre- 
quency Av,=1.262 cm for the field we used. 
Therefore, since the lines we studied all have 
n> 10, the spin does not need to be considered, 
and, but for the quadratic effect, we should ob- 
tain a normal triplet. 
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The quadratic Zeeman effect is due to a term 
in the magnetic energy of the form 


E=—— (1) 


2 
in which x and y are the coordinates of the elec- 
tron, the z direction being that of the magnetic 
field. From this it is easily seen that the effect is 
proportional to nm‘. We substitute for (x*+-y*), its 
value for hydrogen, and replace m by n*, as a 
better measure of the size of the orbit. Neglecting 
terms in lower powers of n, Eq. (1) then becomes 
e 
Avg=——aon**(1+m,*) 
8mc*h 


= 4.98 (2) 


Here ao=h*/(4x°e*m) is the radius of the first 
Bohr orbit, while m; is the orbital magnetic 
quantum number in the upper state. Adding the 
displacement (2) to the normal Zeeman displace- 
ment of the P terms, one finds that the two levels 
with m,= +1 preserve their separation 2Ay,, but 
that their center of gravity is displaced toward 
the series limit by an amount H°e*aon**/(4mhc*), 
whereas the level with m,;=0 moves in the same 
direction by half as much. This causes corre- 
sponding shifts of the Zeeman components, and 
gives the pattern which was illustrated in 
Fig. 2(b). 

The continuous curves in Figs. 3 and 4, as well 
as the calculated values in Table I, were com- 
puted from Eq. (2). It is seen that the agreement 
with experiment is good for 11<n<20. It is 
particularly satisfactory that the long wave- 
length « component crosses the * component at 


I. Displacements of broadened com 


just the predicted place, » = 26. However, in Na 
above »=20 there appears an increasing dis- 
crepancy in the sense that the observed shift is 
too large. This deviation is much too large to be 
caused by an error in the measurement of the 
field. The qualitative reason for this effect is as 
follows. The elementary theory considers the P 
terms alone, and neglects the fact that the mag- 
netic perturbation causes a ‘‘mixing” of these 
states with states of different L, which lie very 
TABLE II. Widths of microphotometer peaks 


for sodium in cm. 


n= 25 26 27 28 29 3» 31 

H=0 16 16 16 16 16 15 16 
238 24 28 39 49 


close to the P terms in this region. Here only the 
states differing in L by 2 units are to be con- 
sidered in the first approximation. Thus Eq. (1) 
is valid only as long as the total magnetic energy 
is small compared to the energy differences be- 
tween the P and F terms. When this condition is 
no longer satisfied, perturbations occur which can 
be qualitatively described as follows: The eigen- 
functions of the F states become mixed with those 
of the P states of about the same energy, and, in a 
higher approximation, the same occurs for the H, 
K, --- eigenfunctions. This causes transitions 
S—F, SH, etc., which are normally forbidden, 
and at the same time the P and F levels as well 
as H, K, --~ are displaced because of a mutual 
repulsion. 

The first of these effects, the occurrence of 
forbidden lines, is rather clearly seen in the micro- 
photometer curve for the x components of Na in 


specified. The calculated values are from . 


. (2) 


Soprum Potassium 
% @ (CENTER OF GRAVITY) 

1” OBS CALC oBs CALC OBS CALC OBS CALC oBs 

28 2.63 1.97 3.12 2.68 5.84 5.18 1.85 1.73 3.68 3.47 
29 3.04 2.28 3.52 3.29 6.44 5.82 2.10 2.01 3.28 4.02 
30 3.58 2.62 4.59 4.00 7.19 6.49 2.28 2.33 3.78 4.65 
31 3.63 3.00 5.67 4.73 7.91 7.26 2.48 2.67 4.87 5.34 
32 1.80 3.41 6.75 5.58 9.06 8.07 1.59 3.06 6.55 6.11 
33 0.96 3.88 7.59 6.49 10.08 9.01 6.81 6.96 
34 0.83 4.38 8.09 7.51 10.72 10.02 

35 1.00 4.93 


| 
e*H? 
»to- 
the 
be- 
ear 
_all 
jon 
i 
the 
wn 
ac- 
nes 
ras 
the 
we 
ra- = 
ag- 
let 
ing 
ion 
re- 
ed. 
ive 
ed, 
»b- 


58 F. A. JENKINS 


Fig. 5. The nearly resolved wing on the red side 
of the lines m = 24 to 30 evidently represents these 
forbidden lines. This broadening is therefore not 
a true broadening of the lines, but merely repre- 
sents the occurrence of new lines not clearly re- 
solved by our spectrograph. 

The second effect, namely the displacement of 
the P terms, is qualitatively in the right direc- 
tion, as may be seen by reference to Fig. 6, in 
which a few of the high levels of Na and K are 
plotted to scale for zero field. In both cases repul- 
sion of the P by the F levels will displace them 
upward, shifting the line to the violet, but the 
effect should be much larger in Na because P 
and F lie closer together. The exact separations 
of these levels are best seen from the values of 
the quantum defects, given in Table III. In this 
table is also included a quantity A, the difference 
between the effective quantum number m* and 
the nearest whole number. It is A which deter- 
mines the magnitude of the perturbations. Since 
the quantum defects n—n* of the F levels are 
practically zero for all the alkalis, A gives the 
distance’from a P level to the nearest F level, 
expressed as a fraction of the separation of suc- 
cessive P levels. That the perturbation effect 
should be smaller in K than in Na is clear from 
these figures. Furthermore, the intensities of the 
forbidden lines should be smaller in K, and this 
accounts for the greater symmetry of the + com- 
ponents in this case (Fig. 5). 

The quantitative treatment of these perturba- 
tions is given in the accompanying paper by 
Schiff and Snyder. There it is shown that the 
displacement of the P states is proportional to 
n", and inversely proportional to the separation 
of the P state and the nearest F state. The broken 


TABLE III. Quantum defects of P states. 


| Li Na K Rb 
n—n* 0.04 0.85 1.71 2.66 3.59 
A —0.04 0.15 0.29 0.34 0.41 


*A similar situation arises in the Stark effect; cf. E. 
Segré, Rend. Lincei 19, 395 (1934). 
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Fic. 6. High terms of Na and K. 


curves in Figs. 3 and 4 are plotted from their 
Eq. (9), and are seen to agree very well up to the 
point where the lines cease to be relatively sharp, 
i.e., up to m= 28 in Na. 

For the diffuse maxima above n= 28 the per- 
turbation by the states of different L is inade- 
quate to account for the observations. In this 
region the magnetic energy becomes comparable 
with the separation of states of successive total 
quantum number n, and thus there occurs a 
mixing of states differing not only in azimuthal 
quantum number, but also in total quantum 
number. This effect is responsible for the large 
symmetrical broadening of the last observable 
lines, and also probably for the premature death 
of the series, which becomes unobservable be- 
cause of the excessive broadening of its members. 
The total intensity in this region will, however, 
remain constant because of the sum rules. For a 
more quantitative discussion of the effects in this 
region, and comparison of our measured widths 
with theory, we again refer to the following paper. 

In conclusion, we wish to thank Professor E. O. 
Lawrence for his cooperation in making the large 
magnet available. We are also much indebted to 
Dr. Luis Alvarez, who assisted with the design of 
apparatus, and to Professor W. F. C. Ferguson, 
for help with the spectroscopic work. 
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The experiments of Jenkins and Segré, reported in the 
accompanying paper, are considered theoretically. The 
quadratic Zeeman effect observed in absorption to large 
orbits in strong magnetic fields is due to the diamagnetic 
term in the Hamiltonian, which is proportional to the 
square of the vector potential and hence to the square of 
the magnetic field. For the alkalis, the problem involves 
essentially only one electron, and its spin can be ignored. 
m, and parity are always exactly defined, while » and / 
are not. The observed spectrum can be divided up with 
increasing m into three regions, according as the lines are 
broadened asymmetrically (region 1), broadened further, 


but nearly symmetrically (region II), and broadened so 
much as to overlap into a continuum (region III). It is 
shown that region I corresponds to m being a good quan- 
tum number and / a fairly good one; region II to » being 
a fairly good quantum number and / not good at all; and 
region III to both » and / breaking down completely as 
quantum numbers. Good quantitative agreement with the 
experiments is obtained as long as inter-m perturbations 
can be neglected. When this can no longer be done (large 
n), the theory becomes prohibitively complicated, although 
some qualitative indications can still be obtained from it. 


HE quadratic Zeeman effect can arise from 

two parts of the atomic Hamiltonian. The 

term linear in the vector potential (and hence in 
the magnetic field) 


(ehH/2mc)(m,+2m,) (1) 


is not a constant of the motion when there is 
coupling between spin and orbital angular mo- 
menta, and therefore gives rise to second-order 
perturbations proportional to H?. The diamag- 
netic term quadratic in the vector potential 


V =(eH?/8mc*)r? (2) 


gives first-order perturbations that are also pro- 
portional to //?. These two terms are never simul- 
taneously of importance.' For (2) is important 
only for large orbits and strong magnetic fields, 
in which case the spin and orbital angular mo- 
menta are so completely uncoupled that (1) is 
practically a constant of the motion. This results 
in a complete Paschen-Back effect, and the 
electron spin can be ignored entirely. The de- 
termination of the atomic level structure under 
these conditions is reported by Jenkins and 
Segré in the accompanying paper (referred to 
here as JS), and was accomplished by measuring 
high members of the absorption series from the 
ground states of sodium and potassium. In this 
paper, we shall attempt to obtain an under- 


1Cf. Van Vleck, Theory of Electric and Magnetic Sus- 
ceptibilities (Oxford, 1932), p. 178. 
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standing of the principal experimental results of 
JS on the basis of existing atomic theory. For 
definiteness, we consider sodium, and indicate 
later how our remarks can be extended to the 
other alkalis. 

It was expected that the experiments of JS 
would show the well-known quadratic shift of 
the terms towards higher energies.' However, an 
examination of the microphotometer traces (Fig. 
5 of JS) indicates that the situation is more 
complicated. The observed spectrum can be 
roughly divided into three regions. In region I 
(n <29), both the x(m,=0) and o(m,;= +1) com- 
ponents show an asymmetric broadening; the 
peaks are on the high energy side of each line. 
Also, the centers of the lines lie at higher energies 
than the no-field lines, and the displacements 
increase with n. As n increases, the lines become 
broader, and each peak is pushed more to the 
high energy side of the center of gravity of its 
line. At the same time the peaks become lower, 
so that soon the lines become nearly sym- 
metrically broadened (we call this region II, 
29 <n <33). Finally the lines become so low and 
broad that they merge into a continuum showing 
a weak banded structure (region III, »>33). 
Throughout regions I and II, the centers of both 
the x and a lines continue to advance ahead of 
the no-field lines. In region III, however, this 
applies only to the ¢ series. The x series are much 
more compressed and tend to fall back into step 
with the no-field series. 
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To understand these results, we consider the 
motion of a single electron in a central field 
(nucleus plus electron core) and uniform external 
magnetic field, with neglect of spin. The problem 
possesses only axial and mirror symmetry, and 
hence m; and parity only are exactly defined ; the 
term (2) in the Hamiltonian will prevent nm and / 
from being exact quantum numbers for the terms 
that interest us. Then the true eigenfunctions can 
give dipole radiation only by virtue of the amount 
of /=1 state that is mixed into them; moreover, 
we can restrict our consideration to those upper 
states for which m,=0, +1. If we choose the 
usual representation for the unperturbed states 
in which m,, n and / are diagonal, then it is 
readily shown that V has matrix elements be- 
tween states of all m provided that their / values 
differ by 0, +2; since only the /=1 part of the 
perturbed states can radiate, we need consider 
only the matrix elements of V between states 
of odd /. 

Now according to the Rydberg formula, the P 
terms in sodium (/=1) are depressed by a uni- 
form amount below the corresponding hydrogenic 
terms (this is due to penetration of the core by 
the electron when it has low angular momentum), 
while the F, H, --- terms (/=3, 5, ---) are given 
quite accurately by the hydrogenic values (see 
Fig. 6 of JS). The matrix elements of V are pro- 
portional to n* (see Eq. (3) below), while the 
separations between successive terms in a series 
or between corresponding P and F terms are pro- 
portional to m~*. Thus, we expect that for small 
n these separations are large compared to the 
perturbing energy, and both nm and / should be 
fairly good quantum numbers (region 1). More- 
over, since the separation between corresponding 
P and F terms is smaller than the separation 
between successive terms of a series, we might 
expect » to be a better quantum number than /, 
so that we can neglect the inter-m perturbations, 
and treat the inter-/ perturbations as small, in 
this region. Now the quantum defect for the P 
series of sodium is 0.85, so that each P term is 
depressed almost a whole interval below the F, 
H, --+ terms of the same n. Thus the important 
inter-/ perturbations will be between a given P 
term and the F, H, --- terms corresponding to 
an n value that is smaller by one ; the P term then 
lies on the high energy side of the higher / terms 


with which it combines. This results in a peak on 
the high energy side of the line, and a smear on 
the low energy side which is the group of un- 
resolved lines arising from the slightly mixed in 
terms of higher /. As m increases, | ceases to be a 
good quantum number before m does. Thus all / 
terms are thoroughly mixed together, resulting in 
a nearly symmetric line, while the inter-m pertur- 
bations are not yet so large as to seriously affect 
the regularity of the series (region II). For still 
higher m values (region III), the inter-n pertur- 
bations become so large that n is no longer a good 
quantum number, and the broadened lines merge 
together. 


Recions I anp II 


We could hope to deal with regions I and II 
by neglecting inter-m perturbations, and solving 
the secular equation obtained from the matrix 
elements of V between odd / states for a par- 
ticular m, and n. But since this matrix has about 
n/2 rows and columns, such a solution would be 
an extremely tedious matter. However, we can — 
find quite simply the centers of gravity of the 
broadened lines and their mean square breadths. 
In region I, we can also find the perturbation of 
each P state by higher / states consistently to the 
second order of perturbation theory, and can 
interpret its perturbed position as the position 
of the peak of the corresponding broadened line. 

To find the matrix of V in these regions, we 
choose particular values for m, and n, and label 
rows and columns according to / values. The 
angle integrals are readily evaluated, and the 
only nonvanishing elements that interest us are 
Vu, Vis= Vai, Vss, Vss= etc. In evaluating 
the radial integrals, we note that because of the 
r? appearing in V, it is important to know the 
radial functions only for large r, well outside of 
the inner electronic core. We should thus expect 
to obtain a good approximation for the radial 
integrals by using the hydrogenic functions? with 
indices m and 1, and putting n=n* (the effective 
quantum number) after the integrals are evalu- 
ated. For the principal series of sodium (/=1), 
n*=n—0.85, while for the higher series (/=3, 
5, ---), n*=mn. As remarked above, however, we 
expect the mutual perturbations between states 


?Cf. Condon and Shortley, Theory of Atomic Spectra 
(Cambridge, 1935), p. 114. 
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of different | to be greatest when their effective 
quantum numbers (and hence their unperturbed 
energies) lie closest together. We shall therefore 
put for the higher / series, n*=n—1. The total 
energy matrix for a particular m; and n is: 


Kur (n, mi) bw + Vie(n*, 
me* 
8m*c*e? 
(2143) (21-1) 
Bmicte? 2(21—1) 
(21-3) 


K,°(n, m.) 


0) 


(3) 


Vi, -2(n, 0) = 


8m'c*e? 
n*[Sn?+1—31(1+1) 
5n? 
8micte? 2(21—1) 
(n?—12)[n?— 
(21-+1)(21—3) 


Vuln, +1)= 


Vi, -2(m, +1)=— 


To obtain some information from the matrix 
(3), we assume that it is diagonalized by a 
normalized real orthogonal matrix S (since X 
is real): Then the new 
eigenfunctions (corresponding to the eigenvalues 
E,) are given in terms of the old approximately 
hydrogenic functions by: > If now 
we neglect the dependence of the dipole radiation 
probability on energy over the small range of 
energies involved in this group of states, this 
probability will be proportional to the square of 
the amount of ¥, in each ¢;, or to S;;*. The center 
of gravity of the group of lines is thus given by 


E= LE Si? =Ku. (4) 


The dispersion of the group of lines about their 
center of gravity, or the mean square breadth of 
the unresolved broadened line, will similarly be 
given by: 
(AE)*= Lk — 
(S) 
B= 
i 


since 3C,; vanishes unless j=1 or 3. Neglecting 
terms of order m~* compared to unity, we thus 
obtain : 


me* Ah‘ 
E(n, 0) + ’ 
2h?n*? 8m'cte* 6) 
chH h*tH*n** 
E(n, +1)=- 
2h?n** 2mc 
3\! 
2AE(n, 0) = (-) . 
7 
(7) 
2\! 
2AE(n, +1)= (-) . 
77 4m'*c*e* 


In Eq. (6), n* =n—0.85 ; in Eq. (7) we should use 
a value for n* approximately halfway between 
n—0.85 and n—1, although its precise value is 
not important. Eq. (6) is well known,' and gives 
the position of the P term if inter-1 perturbations 
are neglected. It is interesting that the center of 
gravity of the group of lines resulting from these 
perturbations is still given by the same formula. 

Although formulas (6) and (7) apply to both 
regions I and II, we are, for region I, more inter- 
ested in the position of the peak EZ, of each line 
than in E. This can be found by assuming that 
the inter-l perturbations are not yet strong 
enough to wipe out the identity of the P state, 
so that this line will be strongest, and will be 
shifted towards higher energy by interaction 
with the other / states. A second-order perturba- 
tion calculation gives: 


Vi? 


E,=KY+VutL (8) 


imi 
Remembering that V:; vanishes unless i=1 or 3, 
and that 


—0.85)-*—(n—1)*] = 
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where A=0.15, we obtain: 
3h 


448micte 
h 10 FT 


where to sufficient approximation, n* =n—0.85. 
We expect formula (9) to give the position of the 
peak of the broadened line as long as the peak is 
well defined and displaced from the center of 
gravity of the line, that is, throughout region I. 
In region II, the line is more nearly symmetric, 
and the peak and center of gravity practically 
coincide, their position being given by (6). 

The transition from region I to region II 
should take place at such a value n, of m that the 
perturbing energy Vis and the energy denom- 
inator 3,;°—-%,° in (8) are about equal. This 
gives us the relations: 


’ m,=0, 
(10) 


8mictetA 
-(.) m=+1. 


To obtain similar results for the other alkalis, we 
need only insert into the above formulas (6) to 
(10) the proper numerical values for n* and for A, 
which is defined as the effective quantum number 
for the P series minus the nearest integer ; these 
values are given in Table III of JS. 

The measured peaks of the lines are plotted in 
Figs. 3 and 4 of JS, in which the solid curves are 
computed from Eq. (6) and the dotted curves are 
computed from Eq. (9). It will be noted that the 
experimentally observed peaks follow the dotted 
curves quite well throughout region I. Towards 
the end of region I and the beginning of region II, 
the lines lose their asymmetric character, and the 
measured peaks begin to give the positions of 
the centers of gravity of the lines. Thus the 
experimental points here fall away from the 
dotted curves and approach the solid curves. This 
good agreement indicates that the inter-m per- 
turbations in this region do not have an appreci- 
able effect on the positions of the peaks of the 
lines. On the other hand, the breadths of the lines 
seem to be given well by Eq. (7), only for rather 
small values of m(<25). For larger n, the values 


E,(n, 0) = B(n, 0)+ 
(9) 


E,(n, +1) ~K(n, +1)+ 


obtained from Eq. (7) are of the same order of 
magnitude, but smaller than, the observed 
values. This seems to indicate that the inter-n 
perturbations, which were neglected in obtaining 
(7), do broaden out the lines, and also make the 
ratio of « to o breadth larger than the value 
(3/2)4=1.22 obtained from (7) (see Table II 
of JS). The comparison with experiment on this 
point is complicated by the fact that the mean 
square breadth defined by (5), and which is most 
readily calculated, is not simply related to the 
width at half-maximum, which is most readily 
measured ; however, the two should be of the 
same order of magnitude. 

The value of m at which the transition from 
region I to region II takes place is given by Eq. 
(10) as about 29 for the * component, and about 
30 for the « components, in the case of sodium. 
From Fig. 5a of JS, we see that both these values 
agree well with experiment. A comparison on this 
point for potassium is difficult because of the 
poor definition of the lines. 


Recion III 


In region III, both » and / break down com- 
pletely as quantum numbers, and we cannot use 
any of the approximations that made the theory 
workable in the preceding section. There is a 
striking experimental observation in this region, 
however, for which we might hope to get an 
indication from the theory. This is the compres- 
sion of the x series relative to the o series, just 
before they wash out. One might expect this from 
the fact that in region II, the * components are 
much broader than the o components, thus 
indicating a greater influence of inter-n perturba- 
tions. Then since there are more terms above a 
given term than below it, and since they get 
closer together as one goes up the series, the net 
effect of such perturbations should be to push 
the terms down and thus compress the series. 

Another indication pointing towards the same 
conclusion can be obtained from an examination 
of the behavior of the terms near the series limit. 
Here the electron is controlled mainly by the 
magnetic field, and it makes many oscillations in 
this field before it makes one in the Coulomb 
field. This is the condition for applicability of the 
adiabatic approximation, which we use here. The 
solutions of the equations of motion of an elec- 
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tron in a pure magnetic field are well known," and 
admit of a continuum of energy levels 
E=(ehH/2mc)(2v+m,+ |mi| +1)+E,, (11) 
v=0, 1,2, ---, £,=0, 
because of the free motion along the field (z 
direction). We now apply the adiabatic approxi- 
mation, using the Coulomb field to restrict the 
motion in the z direction. This gives us a po- 
tential for the z motion that is an average of the 
Coulomb field over the x, y plane for each value 
of s. We are interested only in the lowest state 
v=0, and in m,;=0, +1; the z potential is then: 
Uo(z) = —2e*8! exp (8s*) Erfc(|2|64), mi=0, 
= —e*[8|2| +64 exp (82%)(1— 2s") 
XErfe(|z|64)], m=+1, 

Uo(0) = 2U = —e*(f)}, 

—e*/|2|, as 


Erfe(x)= e~"di; 


B=eH/2hc. 


* Cf. Condon and Morse, Quantum Mechanics (McGraw- 
Hill, 1929), p. 79. 


(12) 


Thus U, had twice the depth of U, at s=0 and 
the same asymptotic form; it can also be shown 
quite readily that U» is less than U; for all finite 
values of z. The total energy is then given ap- 
proximately by (11), where EZ, is now an eigen- 
value of the equation : 


d*y 2m 
+ [E,— U(s)}x=0. 
Then for energies just below the series limit, the 
eigenvalues for the case m,;=0 will be more 
closely spaced than those for the case m;= +1, 
since the potential U» is considerably deeper than 
the potential U;. While this conclusion cannot 
apply even qualitatively as far from the series 
limit as the beginning of region III, it serves as 
another indication that the * component series is 
expected to be more compressed than the ¢ com- 
ponent series, as is observed. 

It is a pleasure for us to thank Professor J. R. 
Oppenheimer for several helpful discussions of 
points that arose in this problem. ; 
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Spectral sensitivity measurements between 5000 and 2300A have been made on barium 
surfaces prepared by fractional distillation in a gettered vacuum. The resulting yields are 
compared with those predicted by Mitchell’s square-top barrier theory which is here modified 
to a form that facilitates comparison with experimental data. From 5000 to 3000A relative 
values of the observed yields are in good agreement with the modified theory. At 2967A there 
is an abrupt rise in the experimental curve which continues to the limit of the measurements. : 
This is attributed to the onset of the volume photoelectric effect. The theoretical threshold _ 
for the volume effect calculated from the rough formulae of Tamm and Schubin agrees well 


with the experimental value. 


T is usually assumed in the electron theory of 
metals that the electrons move independently 


1 Presented in part at the Washington meeting of the 
American Physical Society, April 28-30, 1938. 

* Now at Leeds and Northrup Company, Philadelphia, 
Pennsylvania. 


in a periodic potential field in the metal. The 
introduction of a metallic surface which is neces- 
sary for the photoelectric effect gives rise to a 
second type of field and complicates the model by 
destroying the perfect periodicity of the crystal 
lattice. To avoid this difficulty Tamm and 
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Schubin* proposed that the photoelectric emis- 
sion from a metal should be regarded as arising 
from the superposition of two effects, the surface 
effect, due to the rapid change in potential at the 
surface, and the volume effect, due to the internal 
variations in potential. The argument is based 
on the fact that an electron in field-free space 
cannot absorb the energy of a photon and at the 
same time conserve both energy and momentum. 
They argue further that the threshold of the 
volume effect is considerably higher than the 
threshold for the surface effect since the possible 
transitions are restricted by a selection rule. The 
theory of the surface effect can then be simplified 
by using the Sommerfeld model in which the 
potential inside the metal is constant. 

Experimental tests of the various theories of 
the surface effect over an extended range of 
wave-lengths have been confined in the past to 
observations on the alkali metals. If the theory of 
Mitchell is taken as the most complete it may 
be concluded that experimental spectral distribu- 
tions for the alkalies rise more abruptly and reach 
a maximum nearer the threshold than is pre- 
dicted by the theory. In addition the theoretical 
curves are considerably flatter but the order of 
magnitude of the photoelectric yields is reason- 
ably good.* In view of the rather discordant ex- 
perimental results for the alkalies both for 
spectral and energy distributions it seems that 
more conclusive tests of the theory can be made 
on metals showing more consistent emission 
properties. This was the original purpose of the 
present investigation. 

The experimental evidence for the volume 
effect has been extremely meager. Tamm and 
Schubin’ considered the secondary rise which 
sometimes appears in the spectral distributions 
of the alkalies as evidence for the volume effect. 
The ease with which secondary peaks can be 


* Tamm and Schubin, Zeits. f. Physik 68, 97 (1931). 

*K. Mitchell, Proc. Roy. Soc. Al46, 442 (1934); A153, 
513 (1936). 

5 The calculations of R. D. M , Phys. Rev. 49, 938 
(1936) and of A. G. Hill, Phys. Rev. 53, 184 (1938) usi 
an i field barrier show a maximum in the spectra 
sensitivity curve slightly nearer the threshold than the 
Mitchell theory with the square eo” . L. 1. Schiff and 
L. H. Thomas, Phys. Rev. 47, (1935), applied the 
quantum mechanical theory of the scattering of light by 
conduction electrons. This refinement also brings the maxi- 
mum nearer the threshold, though the integral is too 
complicated for exact evaluation. 
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produced by contamination of the surface with 
vapors and gases would lead one to question at 
least some of these results. Experiments in the 
far ultraviolet have been carried out on other 
metals by Kenty,* the measurements extending 
as far as 584A. He found no maximum and sub- 
sequent secondary rise as the volume effect 
predicts. Very recently Baker,’ working in the 
Schumann region with cadmium surfaces, has 
reported a second peak in the emission which he 
attributes to the volume effect. No attempt was 
made to work with thoroughly outgassed sur- 
faces. 

In the present investigation on spectral distri- 
butions, barium was chosen, first, because it 
possesses the lowest work function of any metal 
in the pure state with the exception of the alka- 
lies, thereby permitting a wide frequency range, 
and second, since previous experiments in this 
laboratory® have shown that by using a special 
vacuum technique its emission properties are 
extremely stable and reproducible. In order to 
compare the results obtained with the theory of 
Mitchell* we have made certain simplifications in 
the theory which seem justifiable and obtain a 
result for the spectral distribution which may be 
readily applied to any metal. 


SURFACE PHOTOELECTRIC EFFECT 


Modified Mitchell theory 

The expression obtained by Mitchell (1934 
paper, Eq. (83)) for the photoelectric current per 
unit power of incident radiation contains the 
frequency, threshold, and angle of incidence as 
well as the optical constants of the metal. The 
optical constants appear since the effect of 
reflection and refraction of the light has been in- 
cluded to prevent the emission from becoming 
infinite for grazing incidence and zero for normal 
incidence. The introduction of the optical con- 
stants into the theory may yield a more correct 
dependence of the emission on the angle of 
incidence but at present makes a critical test of 
the spectral distribution in this form improbable 
since very little is known experimentally of the 
variation of these constants with frequency for 


* Kenty, Phys. Rev. 44, 891 (1934). 

7 Baker, J. Opt. Soc. Am. 28, 55 (1938). 

*Cashman and Huxford, Phys. Rev. 48, 734 (1935); 
Jamison and Cashman, Phys. Rev. 50, 624 (1936). 
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the desired range. An objection of fundamental 
importance is the fact that bulk metal optical 
constants are introduced into the theory of a 
surface phenomenon. The electrons exist origin- 
ally in the force field at the surface but the 
constants of the light wave vary over a distance 
of the order of a wave-length into the metal. 
Consequently we consider only the incoming light 
wave without regard to the perturbation of the 
electric vector produced by the surface field with 
the realization that the dependence of the emis- 
sion on angle of incidence will be incorrect but 
with the expectation that the form of the spectral 
distribution curve will be right. With this simpli- 
fication the Mitchell theory for the square top 
potential barrier becomes 


cos 0 Jo 4,0 


dk.dkdk, 
pb) /8x°mkT 


(1) 


where P, is the emission per unit incident energy 
(e.s.u./erg), the k’s the electron wave numbers 
associated with the x, y, and z directions, @ the 
angle of incidence, vy, the frequency associated 
with the surface potential step, # the frequency 
associated with the width of the Fermi band at 
absolute zero, and yz a constant equal to 82°m/h. 
In the k, integration the lower limit is {u(v.—v)}* 
if v<yv, and 0 if 

In order to evaluate (1) we introduce the cylin- 
drical coordinates u, p and ¢ where u is the normal 
component of velocity. Then k,=(2xmu/h), 
ky=(2xm/h)p cos ¢, kz =(2xm/h)p sin ¢. Further 
let exp (mp?/2kT)=Z. Integrating with respect 
to Z and ¢ and letting 4mu*+h(v—v.) =kTy, 
we have 


B(kT)? 
log [1+exp (8—y) ] 
(hy)* 


(kT y+ W.—hv)(kTy)idy 


(2) 


where 
B=8e'W, sin*® @/hcecos@, W.=hv., 
B=h(v—v0)/RT, vo, 


the threshold frequency. Obviously k7'y is the 
normal kinetic energy of the electron outside the 
metal. We now expand the fractional part of the 
integrand in powers of (kTy/W.)* and (2) be- 
comes, after converting to amperes per watt 


B(kT)? 
e(hv)* 


m=1,2,3,+++. (3) 


The quantities hy, W, and kT are expressed in 
electron volts. Let a=1—hv/W, and b=kT/W, 
then X,=(ab)', X,= —2a'b, 
Integrals of the type represented in Eq. (3) 


Imm log m=0, 1, 2, 3, 
0 


or its equivalent form 


2 

In = -—dy 
m+2/0 
occur in many applications of the Fermi statis- 
tics to the electron theory of metals, and there 
has been need for a complete solution. Sommer- 
feld, Nordheim and others have given approxi- 
mate solutions valid for negative or large positive 
values of 8. Here we give complete solutions for 
all values of 6: 


For B=0: 
(1)! 
For 
(4+m)(2+m) 
m!! 
Cc. 2k 
Rim), (5) 


where the summation over k is extended to the 
largest integer / which gives a positive or zero 
power of 8, depending on m. The constant Coes 
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is defined by 
© (—1) 1 
Consa= 2 = (1-55) (6) 


Values of the zeta function for real variables may 
be obtained from standard tables.® The remainder 
R(m) is given as follows: if 4m is an integer, 
(7) 
where the + sign is to be used if 4m is odd, the 
— sign if 4m is even. If 4m is a half-integer: 


= (-1)"" 


4 
x | etdx|, (8) 


where the + sign is used if 4(m+1) is an even 
integer, the — sign if $(m +1) is odd. In the latter 
case the remainder is usually negligible. }*) 
is the probability integral with limit (s8)!. Tables 
of Jo* e“dx are available to a=2 (reference 9), 
and the integral may be calculated by an asymp- 
totic expansion for large a(=[s8]*) though the 
remainder R(m) in this case is generally negli- 
gible. 

The above solution of (1) holds well for the 
long wave-length side of the maximum of the 
spectral sensitivity curve (see Fig. 2) but the 
calculations become rather laborious for the 
short wave-length side since the convergence of 
(3) is not rapid for large 8. Numerical integration 
for this region is easily carried out by noting that 
the integrand in (2) can be written 


WaAt 7 
+— 


where W;=hi. Hence the integrand can be split 
into two factors f(y) and F(8—y) and graphs of 
f(y) against y and F(8—y) against (8—y) ob- 
tained. From these one gets FXf for a plot of 
the integral for any 8. 

* Cf. Jahnke-Emde: Tables of Functions. 


3000 


Fic. 1. Photoelectric yield for barium, for unpolarized 
light at approximately 60° incidence. go = 2.49 ev. 


VOLUME PHOTOELECTRIC EFFECT 


No calculations have been made to our 
knowledge of the emission as a function of fre- 
quency for the volume effect. Tamm and 
Schubin,* however, have made an estimate of the 
threshold position using the Bloch eigenfunction 
for electrons in the periodic field of a metal lat- 
tice. If it is assumed that there is one electron per 
atom, the lattice constant a=n~}, where n is the 
number of electrons per unit volume. Their result 
for the volume threshold at absolute zero becomes 


where (9) 


EXPERIMENTAL TECHNIQUE 


The construction of the phototube and the 
method of forming the barium surface were 
similar to that described in previous reports from 
this laboratory.’ The envelope was made from a 
thin Corex D cylindrical blank whose ultraviolet 
transmission was previously determined. The 
barium was finally evaporated onto an outgassed 
movable nickel plate which served as cathode. 


Optical system 

The light sources employed were a tungsten 
filament lamp, a 110-volt Uviarc and an H3 high 
pressure Hg arc with the outer envelope removed. 
The radiation was focused by means of a quartz- 
flourite lens onto the entrance slit of a Gaertner 
monochromator whose exit slit had been re- 
moved. The dispersed radiation from this instru- 
ment was allowed to fall on a second Gaertner 
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Fic. 2. Comparison of photoelectric yield from barium 
with theory. Circles are experimental values. Ordinates in 
arbitrary units. The maximum emission for the Mitchell 
theory is at 2720A. 


monochromator of special design set in such a 
position that the entrance slit served as exit slit 
for the first instrument. The construction of the 
second instrument was such that its optical path 
was a mirror image of the optical path through 
the first instrument. The radiation from the exit 
slit was condensed by a special calibrated achro- 
matic combination consisting of two quartz 
lenses, fixed to move in opposite directions to or 
from their optical center. Converging quartz 
lenses were placed against the entrance and exit 
slits of the second instrument so that the radia- 
tion from near the ends of the slits would not miss 
the lens which followed. This arrangement was 
particularly effective in the ultraviolet for in- 
creasing the energy output of the system. All slits 
were set at from 0.1 to 0.2 mm throughout the 
range of wave-lengths used. No scattered radia- 
tion could be detected. 

Measurements of the energy of the resolved 
radiation were made with an improved form of 
Nichols radiometer’® and with an evacuated 
Cartwright thermocouple. For the radiometric 
measurements an aluminum mirror was fixed 
about a vertical axis and mounted near the end 
of the condensing system. Rotation of the mirror 
through 90° served to expose alternately either 
the vane of the radiometer or the photoelectric 
surface to the radiation. With this arrangement 
the time between observations of photoelectric 
current and corresponding radiant energy was 
limited only by the period of the radiometer. For 
the thermocouple measurements it was found 


10 B. J. Spence, J. Opt. Soc. Am. 6, 625 (1922). 


more feasible to mount the phototube beyond the 
end of the condensing system outside the prin- 
cipal focus and move the thermocouple in or out 
of the beam of radiation by means of a carriage 
mounted on a micrometer screw. Slit lengths were 
reduced to 3 mm so that the final image just 
covered the thermocouple junction. Measure- 
ments of the radiant energy could be made within 
a few seconds before or after the photocurrent 
measurement. A Leeds and Northrup galvanom- 
eter of sensitivity 5 X 10-* volt/mm was used with 
the thermocouple and an FP 54 Pliotron in the 
circuit of DuBridge and Brown" served for the 
photocurrent measurements. 

The thermocouple sensitivity was considerably 
enhanced by obtaining a low vacuum. To facili- 
tate this the couple was pumped with a diffusion 
pump for several days and finally sealed off with 
aside tube containing outgassed barium in a tung- 
sten spiral filament. Slow evaporation of the ba- 
rium together with an occasional glow discharge 
in the side tube produced a vacuum which made 
the thermocouple extremely sensitive. Care must 
be exercised not to burn out the thermocouple 
wires during the glow discharge. The radiometer 
sensitivity was about ten times greater than that 
of the thermocouple-galvanometer combination 
but considerably more time was required to get 
readings due to the long period of the radiometer. 
This was objectionable when the arcs were un- 
stable. 

In obtaining a set of data by either method the 
monochromators were set at a particular wave- 
length and several consecutive readings made of 
the photocurrent and intensity of radiation. This 
procedure reduced the effect of arc fluctuations 
to a minimum. The two methods were in agree- 
ment within the limit of experimental error. 


RESULTS 


Measurements taken within an hour after the 
barium coating was formed and extending over a 
period of five months showed no observable 
changes with time in the emission as a function of 
frequency. The average of several runs is shown 
in Fig. 1 where the photoelectric yield in micro- 
amperes per watt has been plotted against wave- 
length. The work function for this surface as 


4 DuBridge and Brown, Rev. Sci. Inst. 4, 532 (1933). 
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obtained by Fowler plots" is 2.49 ev. This value 
is 0.02 ev lower than that found by one of us*® 
for barium deposited on glass. By reversing the 
electrode connections it was possible to draw elec- 
trons from barium deposited on the glass wall of 
the tube. This surface had the work function 
2.51 ev, in agreement with the former value. This 
evidence together with previous results on the 
effect of heat treatment of the surface® leads us to 
believe that the small change in work function is 
attributable to slight differences in surface crys- 
tal structure rather than to gas contamination. 
Surfaces of a composite character or clean sur- 
faces exposed to traces of gas show enhanced 
“temperature tails’’ on their spectral distribution 
curves and give the appearance of a metal emit- 
ting photoelectrons at a higher temperature. 
Fowler plots of the emission from such surfaces 
show response to wave-lengths several hundred 
angstroms longer than the threshold. These phe- 
nomena were not observed for the surfaces 
studied. The geometrical arrangement of the 
various elements of this phototube was such that 
the nickel plate would be appreciably heated by 
radiation during the deposition of the barium, 
whereas the glass wall was kept at room tempera- 
ture. The coating on the nickel plate has the ap- 
pearance of a finely etched surface but the coating 
on the glass is specular. There is considerable 
evidence in the literature from electron diffrac- 
tion studies that a metal surface formed by con- 
densation may have a preferential crystal growth 
depending on the backing surface and its 
temperature. 

In comparing the results with the Mitchell 
theory (Fig. 2) we have plotted logarithms of 
the current because of the incorrect factor involv- 
ing the angle of incidence" contained in Eq. (3). 
A vertical shift of the experimental points 
should superimpose them on the theoretical 
curve, log P, vs. \ (Eq. (3)). The following con- 
stants were used in the theoretical equation: 
kT =0.0259, hvo=2.49, W;=3.58, W.=6.07, all 
in electron volts. We have also shown in Fig. 2 
the variation in theoretical current with wave- 


length as predicted by the simple Fowler theory. 


” Fowler, Phys. Rev. 38, 45 (1931). 
4 It is interesting that for @=60° the theoretical current 
is about one-sixth the ex — current for the wave- 


h range 5000 to 
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DIscUSSION OF RESULTS 


The curves of Fig. 2 show that the Mitchell 
and Fowler theories and the experimental points 
are in excellent agreement from 5000 to about 
4300A. This does not necessarily mean that the 
square-top model is the correct one but only that 
the distribution of the surface electrons is that 
of Fermi since the exponential term in Eq. (1) 
dominates the variation in emission with fre- 
quency near the threshold. An image field type 
of barrier leads to results also in agreement with 
Fowler near the threshold." 

It is well to mention here that the effect of 
temperature on the emission at the threshold as 
predicted by Eq. (3) is no longer a J? relation as 
given by Fowler’s® and DuBridge’s'® simpler 
theory but of the form 7*/?(A —BT!+CT-—---) 
where the work functions are considered con- 
stant. This would predict a temperature depen- 
dence of Ba slightly under 7°? at the threshold. 
This is nearer the Young and Frank (7%?) 
theory,'* which is based on an approximation 
valid only near the threshold. The work functions 
themselves, however, are known to vary with 
temperature,’? and this will alter the effective 
temperature dependence. 

From 5000 to about 3000A the experimental 
data are in good agreement with the Mitchell 
theory (Fig. 2), a result which might not be 
expected in view of the rather arbitrary value 
assigned to the number of electrons per unit 
volume in calculating W;. Here we have used 2 
electrons per atom. Calculations by Wigner and 
Seitz'* on sodium and by Hill" on beryllium indi- 
cate that for these metals the value is closer to 
1. Fortunately the theoretical curve is rather in- 
sensitive to small changes in W;. Fig. 1 shows 
that near the wave-length 2967A, in the region 
where the emission is beginning to flatten out, 
there is an abrupt rise which continues to 2345A, 
the limit of the measurements. This phenomenon 
we believe is unquestions ly due to the onset of 
the volume effect. The theoretical curve reaches 
a peak in this region at 2720A. There are two 


4K. Mitchell, Proc. Camb. Phil. Soc. 31, 416 (1935). 

% DuBridge, Actualités Scientifiques et Industrielles No. 
268 (Paris). 

* Young and Frank, Phys. Rev. 38, 838 (1931). 

7 R. J. Cashman, Phys. Rev. 52, 512 (1937). 

'® Wigner and Seitz, Phys. Rev. 43, 804 (1933). 

1## A. G. Hill, Private communication. 
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reasons for believing that the experimental curve 
would also reach its maximum in this region were 
it not for the volume effect. First its slope con- 
tinually decreases in the region 3129 to 2967A. 
Second, it will be observed that the slope of the 
experimental curve below 2600A decreases. One 
interpretation is that the supply of surface elec- 
trons diminishes for wave-lengths below about 
2600A so that the total emission (surface and 
volume electrons) does not increase as rapidly for 
shorter wave-lengths. We believe, then, that the 
Mitchell theory with the modifications given 
above gives an adequate account of the variation 
in photoelectric yield with wave-length for the 
surface effect from barium. 

In his 1936 paper Mitchell made certain refine- 
ments in the theory, designed to take into ac- 
count surface roughness and lattice structure of 
the metal. The latter consideration would change 
the width of the energy band occupied by the 
conducting electrons at 0°K and hence change #. 
Thus two parameters are introduced, w and vo, 
whose values are adjusted to give the best fit to 
experimental data. The refined theory compared 
favorably with the results of Klauer®® for clean 
potassium surfaces after an arbitrary choice of 
parameter values. It appears unnecessary to in- 
voke these quantities in the present work, 
though an attempt to correlate the theory with 
the actual yield would undoubtedly require some 
factor involving the surface roughness. 

The theoretical threshold for the volume effect 
obtained from Eq. (6) is 2950 or 3100A depend- 
ing on the value assigned to # and hence ».. 
Because of the rough assumptions underlying the 
theory the agreement with the experimental 
value is satisfactory. The abrupt rise of the emis- 
sion curve beyond the volume threshold is in 
marked contrast to the gradual rise after the 
surface threshold. The latter is dominated by the 


* Klauer, Ann. d. Physik 20, 909 (1934). 


Fermi probability factor, rather than by the. 
slowly varying excitation and transmission prob- 
abilities. The sudden rise in the curve for the 
volume effect should be explainable in terms of the 
transition probabilities between discreet energy 
zones. Another question of interest is the fraction 
of incident light energy available for the volume 
effect. Previous experiments” on Ba indicate that 
only 4 percent of the incident light is absorbed by 
surface electrons. Hence practically all the light is 
absorbed by internal electrons, and thus one 
would expect an optimum theoretical yield of 
almost 50 percent were it not for secondary effects 
of scattering, re-emission, etc., which are estimated 
by Sommerfeld to reduce the expected yield from 
the volume effect to about one percent. 

A more complete theory of the spectral and 
energy distributions for the volume effect should 
be undertaken. Experiments are now in progress 
in this laboratory on the normal and total energy 
distributions for barium from the threshold to 
2000A. It would be expected a priori that the 
energy distribution for the volume effect would 
be considerably different than for the surface 
effect. If it is possible to separate the two effects 
considerable information would be obtained 
about the actual energy states in the metal. 
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Past calculations for nuclei heavier than He lead to ap- 
proximate binding energies considerably less than the ex- 
perimental values. There are two possible explanations, 
still in need of clarification: (1) the Hamiltonian is wrong, 
(2) the convergence of the variation or perturbation 
methods used is too slow to yield sufficiently accurate re- 
sults with a reasonable amount of work. A variational 
method which is essentially equivalent to a perturbation 
calculation including first-, second-, and third-order con- 
tributions to the energy yields strong evidence for believing 
that in the lowest state of the selected Hamiltonian the 
oxygen nucleus has a finite radius and the binding energy 
is greater than that of four a-particles. The Hamiltonian 


is assumed in the form of ‘Wigner’s first approximation.” 
It is the simplest form which leads to saturation. Methods 
of extrapolation permit an estimate of its true binding 
energy, and an approximate value of about 230 mc* is 
obtained. Slowness of convergence is also demonstrated. 
This paper is concerned with an analysis of the evidence 
which leads to the above conclusions. The variational 
method used is the “iteration method” described in Ap- 
pendix I. It presents many interesting features, notably 
it permits an estimate of the lowest eigenvalue of the 
Hamiltonian. The formalism necessary for the calculation 
of the matrix elements is derived in Appendices II-IV. 


INTRODUCTION 


ORRELATION of calculations and experi- 
ments on binding energies of nuclei in the 
He shell and on proton and neutron scatterings 
is the principal source of our present-day knowl- 
edge of nuclear forces. Now we have a fair picture 
of the exchange nature of the forces, their range, 
their depth, their symmetry properties. Whether 
the knowledge thus gathered exhausts the most 
fundamental laws of nuclear processes, or 
whether some very important links are still 
missing will come to light when further nuclear 
properties have been investigated mathemati- 
cally, and compared with experiments to deter- 
mine the adjustments which must be made in 
the present theory. Easily accessible properties 
for such investigations are the excited levels of 
very light nuclei, and the binding energies of 
nuclei in the oxygen shell. Experiments on the 
latter are very reliable, much new material has 
recently been obtained concerning the former. 
But even in these simple problems the theoretical 
considerations involve extremely laborious cal- 
culations. 

Nevertheless some headway has been made 
with excited levels. On the other hand, calcula- 
tions on binding energies of nuclei beyond the 
a-particle have not led to any definite conclu- 


* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 
! University Fellow, 1937-38. 
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sions. The principal aim in most of these calcula- 
tions centered on the accurate determination of 
the binding energies of oxygen and lithium. Oxy- 
gen has been chosen because complete shell 
configurations permit the use of rather simple 
approximate wave functions, lithium because it 
was expected that the small number of particles 
would give rise to rapid convergence in the 
mathematical treatment. Nevertheless, the cal- 
culated higher approximations gave only small 
improvement and the question arises whether the 
eigenvalue to which the process may ultimately 
converge does not lie considerably higher than 
the experimental value. And there is even doubt 
whether a closely bound state is the lowest state 
of the Hamiltonian.” 


? The earliest paper on this subject is that of Heisenberg 
(Zeits. f, Physik 96, 473 (1935)). In order to estimate the 
binding energies of He‘, O'*, Ca*®, Heisenberg made a 
variational calculation in which he introduced the use of 
determinantal wave functions constructed from single 
particle oscillator functions. Inglis (Phys. Rev. 51, 531 
(1937)) made a second-order perturbation calculation for 
Li* and found, that only by assuming an extreme form of 
the Hamiltonian with large spin exchange forces, could he 
account for the stability of Li*. Carroll and Margenau 
(Phys. Rev. 53, 920 (1938)) used a more rigorous varia- 
tional method for Li* with -wave functions representing 
doubly excited configurations and reported a large dis- 
aupensy between calculated and experimental results. 
Only Euler (Zeits. f. Physik 105, 553 (1937)) found very 
good convergence. Euler used plane waves in making a 
second-order perturbation calculation for heavy nuclei and 
obtained considerable improvement over first-order results. 
He treated the entire interaction as a perturbation. It is 
doubtful whether the usual perturbation th has any 
meaning if the perturbation is as large as in Euler's 
calculation. 


Ss 
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The primary aim of the present paper was to 
find a reasonably accurate solution of the oxygen 
equation, 


He=Eg. (la) 


The Hamiltonian was assumed in the form of 
“Wigner's first approximation” 


(1b) 
where® 
T = energy, 
To.g. = — (1/32) Ac.¢. = kinetic energy of the 


center of gravity, 
(1c) 
W=>>-J(r;;) = Wigner potential, 
i<j 
Pi;= Majorana potential, 
i<j 
exp [—ar;,;*], (1d) 


g=0.22, A=—-72, a=16. 


Energies are given in mc* units, lengths in mean 
Compton wave-lengths (8.97 X10-" cm). 

Since a dependable solution could not be ob- 
tained, an attempt was made to find an answer to 
the important question: Is the lowest state of 
oxygen represented by the Hamiltonian (1b) a 
closely bound state, or is it a state in which it is 
dissociated into four noninteracting a-particles? 
(The latter with an energy of about —220 is 


certainly a possible state for oxygen, and it is 
probably the lowest dissociated state if a disso- 
ciated state is the lowest.) ; 

The simplest saturation type of Hamiltonian is 
(1b). Coulomb forces have been neglected. For 
experimental comparison it is therefore prefer- 
able to use the value — 270 rather than the value 
— 250, the actual binding, when the Coulomb 
repulsions are effective. There are two other com- 
binations of the four simple types of exchange 
forces which lead to saturation.’ These ought to 
be added to the above Hamiltonian. In the first 
approximation their effect cancels out, in higher 
approximations they will most likely lower the 
energy.‘ These terms were omitted to make calcu- 
lations as simple as possible.* 

The method of approach in this problem will 
be the same as that used by Feenberg and his co- 
workers in their successful attack on the He-shell 
problems.* Let WY» be a trial function. Use the 
best combination Wo+A/7V as a new wave func- 
tion. This method will be called the iteration 
method. It will be of order n+-1 if a combination 
of the functions 


Wo, Vi= -, Va = HW (2) 


is used as wave function. In general for n= « 
the functions H*W, should form a complete set 
for the representation of the true normal state 
solution, and the lowest root of the secular equa- 
tion (3) will tend to the normal state eigenvalue 


of Eq. (1a) as n—+«. The secular equation is ° 


E-H, 
EH,-—H: 
| = =0, (3) 
EH,—Haws 
where H,= f Wot H*Vodr. (4) Wo is assumed to be normalized. The normal- 


It is obtained in the usual way from the vari- 
ational principle. 


? For discussion see Feenberg and Phillips, Phys. Rev. 


$1, 597 (1937). 


ized ground state combination of the first »+1 


‘If the first-order perturbation vanishes then the nega- 
tive second-order term becomes predominant. 
‘ An estimate of their contributions will be given at a 


future time. 
* Various papers in the Physical Review, 1935-37. For 
the use of method compare also Hasse, Proc. Camb. 


Phil. Soc. 26, 542 (1930). 
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functions will be denoted by 


v(0, 1, n) Vit (5) 


A primed function denotes normalization.’ 

WV may depend on some parameter ¢. To 
emphasize this fact it may be written as Wo(c). 
It will be convenient to assume W%—0 as o—0. 

The iteration method has many uses. The most 
important which concern the present problem are 
discussed in Appendix I. In Appendices II-IV 
the method of evaluating matrix elements in 
terms of a Hartree-Fock determinant Wp are 
presented. In the succeeding section the results 
are analyzed for the special case-of oxygen to 
which the methods of Appendices I-IV give rise. 

Ty’ ty. The average of H*, (H"*), in terms of 
will denoted by H,(0, ---,). Actually 


HW, is a sum of components Vo, Vw= Wo, Va = MWVo, 
Wr=TVW¥>. For these quantities a similar notation will be 


BINDING ENERGY oF O'* 


With a determinantal wave function (19) con- 
structed from single-particle functions (26), a 
second-order iteration calculation was performed 
in an attempt to obtain a fair approximation of 
the binding energy of oxygen. The calculation of 
H,, Hs, Hs necessitated the evaluation of their 
components V;; by formulae (30). Table I gives 
the numerical values of these matrix elements for 
o=0.1, 0.3, 0.5, 0.6, 0.7, 1.0, where o is the 
parameter which determines the spread of the 
wave function (see Eq. (26)). In computing them 
the numerical constants given in (id), namely 
A=-—72, a=16, were used. However, multipli- 
cation by the proper power of p= —A/72 and 
«= a/16, as indicated in column 2, permits their 


used. For example, the normalized nd state combina- 
tion of Wy and Wr will be denoted by ¥(M, T), and the 
corresponding by H,(M,T). 
HAW) = Hww/ lww are special cases. 


TaBLe I. Components of Hs, Hs. 


—A/72, n=a/16). 
MULTIPLY 
CoLUMNS 
Matrix ELEMENTS BY e=0.1 0.3 0.5 0.6 
loo 1 1 1 1 1 

lwo= Woo 10%» —0.79003131 — 3.70231452 — 713327805 —8.8714251 
lywo= Moo —0.62210195 — 1.97825164 — 2.81007923 —3.0679716 
lro=Too 10*%« 0.57600000 1.72800000 2.88000000 3.4560000 
lww = Wwo 10*p? 0.79291641 14.8765051 53.8312460 82.6707152 
luw = Mwo 0.62692515 7.7530280 20.5263081 27.6441960 
= Myo 0.53172595 4.3825813 8.5365413 10.1049301 
lwr= Wro=Two 10*p« —0.47341646 —6.6352141 — 21.2413169 — 31.6550283 
Mro=Twuo —0.37058263 — 3.4968892 —8.2140777 — 10.7277746 
lrr=Tro 1042 0.34099200 3.0689280 8.5248000 12.2757120 

Www 10% —0.95915997 —64.7371148 —429.880403 — 809.591924 

Wuw = Muw —0.75620488 — 32.6347528 — 157.266252 — 259.444097 

= Muw — 0.63938896 — 18.1471562 — 64.210969 —93.221053 

Mum —0.55460095 — 10.5583551 —27.321176 —34.744447 

Wwr 10®p*« 0.49007229 27.5710507 165.384629 303.965205 

Wur=Mwr 0.38500626 14.1709956 61.926272 99.657446 
Mur = 0.32454263 7.9007577 25.289590 35.715336 

Tww 0.56659026 28.0441832 166.764140 306.017155 

Tuw wi 0.44614564 14.3605532 62.149852 99.857979 

Tum 0.40430964 8.3414451 26.196321 36.853534 

Wrr 10® px? —0.29066536 — 12.1856647 —64.827077 —115.773822 

Mrr —0.22625261 —6.3393488 — 24.637078 —38.499607 

Twr —0.29184030 — 12.2312867 —65.050269 — 116.156049 

Tur ste —0.22703673 — 6.3544151 — 24.675813 —38.547555 

Trr 10%? 0.20732314 §.5977247 25.915392 44.781797 
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determination for arbitrary A and a. It was found 
that o=0.5 yields the best solution. For this case 
the S and P shell components are listed as well. 
(SP interaction terms are obtained by taking 
(Vis)se= 

Table II gives the fundamental quantities 1, 
Hz, Hs, calculated from Table I. The derived 
results are listed in Table III. The first five lines 
give the approximate energy when using Wo, Vw, 
Vu, Vr, Vax individually as approximate wave 
functions. It is interesting to note that Vw, Va 
and Wy are better first approximations than is Wo 
while Wr is about equally good. If one plots the 
curves H,(i) against o one finds they are very 
similar in shape, with the exception of H,(1) 
which is steeper. This seems to indicate much 
similarity between the matrix elements of the 
functions ¥; (i=0, W, M, T). But if so, not much 
improvement can be expected from the use of a 
combination of these functions rather than one 
alone ; on the other hand, since this similarity sug- 


gests a near proportionality for the functions VW» 
and HW, it might appear that Wo must be a 
fairly good trial wave function. However it may 
merely indicate very slow convergence. Never- 
theless, HW» seems to emphasize those features of 
Vw, Vu, Yr which are missing in Wo, and to give 
a favorable combination of the ¥;. Solution of 
the fourth-order secular equation with functions 
Wo, Wr for ¢=0.5 gives 


H,(0, W, M, T) = —117.7. (6) 


The improvement over 7,(0, 1) (line 6 in Table 
IIT) is small. A calculation with different o; (co, 
ow,om,or) in the ¥; also was made® but only a 
very small improvement was obtained over the 
result in (6). 

Figure 1 shows H7,(0), H,(1), H,(0, 1) in their 
dependence on ¢. They reach their minima at 
—93, —105, —117 for «0.55, 0.45, 0.53, re- 


* Formulae (30) must be modified for such a calculation. 


TABLE 1.—Continued. 
MULTIPLY 
CoLUMNS 0.5 
Matrix ELEMENTS BY =0.7 10 
loo 1 1 1 1 
lwo= Woo 10%p — 10.5823209 — 15.4128772 —0.64847982 — 3.45855907 
lwo= Moo —3.2501742 — 34995422 — 1.29695964 
lro= Too 10%« 4.0320000 5.7600000 0.48000000 2.40000000 
lww=Wwo 10*p? 116.979360 245.289199 0.5738726 13.0978633 
law = Wuo= Mwo 34.733461 §3.931111 4.8226217 
= Myo 11,297541 13.070084 2.1678046 
lwr=Wro=Two 10*px —43.993590 —91,211471 —0.3631487 —8.6463976 
lwr=Mro=Tso —13.222727 — 20.207995 —3.1703458 
lrr=Tro 10*x? 16.708608 34.099200 0.2688000 5.9520000 
Www — 1351.439478 — 4032.58097 — 0.630816 — 54.099942 
Wuw = — 384.454868 — 850.684679 —19,.527407 
= Muw — 123.170967 — 204.697756 —8.571992 
Mum —40.691697 —49.621091 — 4.060587 
Wwr 10*p*« 500.510073 1489.135884 0.353101 33.976615 
Wur=Mwr 145.523524 319.749094 12.237865 
Mur 46.348242 75.676028 5.386820 
Tww x 503.361819 1494.905201 0.438168 34.504220 
MW 145.677224 319.657334 12.355421 
47.706686 77.605747 5.757615 
Wrr 10* px? — 187.478483 — 553.437435 —0.222731 — 22.246989 
Mrr —55.222092 — 119.849223 — 7.990040 
Twr — 188.072384 — 554.994746 — 0.239332 — 22.357663 
Tur — 55.274967 — 119.881627 — 8.008486 
Trr 10%? 71.111836 207323136 0.172032 15.237120 
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Tasie Il. Ai, Hs, Hs. 
¢=0.1 0.3 0.5 06 0.7 10 
10-*H, —0.10368782 —0.66706421 —0.91471899 —0.91666228 —0.85260357 —0.36220918 
10H; 0.13573154 0.7915741 1.2759363 1.3126506 1.2373673 0.8324580 
10-*H; —0.005951493 —0.7129041 — 1.3062780 —1.1984854 —0.8525274 0.8506908 
TABLE III. Results. 
Line RESULTS ¢=0.1 0.3 0.5 06 0.7 1.0 
1 H,(0) — 10.37 — 66.71 —91.47 —91.67 — 85.26 — 36.22 
2 i(W) —31.43 —81.22 —95.64 —91.16 — 80.48 — 20.80 
3 H,(M) — 33.85 —92.42 —111.61 — 109,27 — 100.72 —47.19 
4 H,(T) —11.73 — 69.47 —91,29 — 89.12 —80.01 — 21.78 
5 H,(1) —4,38 — 90.06 — 102.38 —91.30 — 68.90 102.19 
6 H,(0,1) — 34.6354 — 97.8661 — 116.4008 — 114.4704 — 107.2457 — 62.8471 
7 Xo 0.65848 0.35380 0.45005 0.52912 0.60478 0.82193 
8 ri’ —0.58976 — 0.70694 — 0.60006 —0.52495 — 0.45793 — 0.33014 
9 T(0,1) 78.0 198.8 306.8 359.1 411.3 565.0 
10 W(0,1) — 123.1 —426.3 — 744.5 —901.4 — 1054.9 — 1478.3 
M(0,1) — 107.0 — 255.2 —327.9 — 348.6 — 363.4 — 385.3 
12 R(0) 0.8209 0.4739 0.3671 0.3351 0.3103 0.2596 
13 R(0,1) 0.6518 0.4352 0.3544 0.3282 0.3070 0.2621 
14 p-270(0) 4.96 1.873 1.487 1.421 1.390 1.396 
15 p—270(0,1) 2.96 1.570 1.363 1.332 1.320 1.348 
16 Nim —151 — 204 —192 — 183 —174 —144 
17 DA 35.4 58.9 66.3 68.7 71.4 83.7 


spectively. One would suspect that this shift in ¢ 
indicates a shift towards a larger equilibrium 
radius for the nucleus as the wave function 
improves. This is not so. The shift towards 
smaller o in the minima of H;, H,(0,1), 

. seems to be characteristic of the iteration 
method, not of the oxygen problem. The nuclear 
radius is given by® 


an immediate consequence of formulae (28, 29). 
It is found that for a given o this quantity de- 
creases as one proceeds from R(0) to R(0, 1) 
(lines 12, 13), approximately offsetting the in- 
crease resulting from the decreased o. For ex- 
ample, H,; reaches its minimum for (R)<0.349 
units = 3.12X10-" cm, H,(0,1) for (R)<0.345 


the average of V in _ terms of the function 
7), is denoted by ---, 7). 


units=3.08X10-" cm. The approximate con- 
stancy of (R) constitutes very strong evidence for the 
existence of a closely bound state. 

It will be shown in Appendix I,c that a good 
approximation (0, ---,m) must be practically 
independent of «. Consequently, the rate at which 
the curves H,, ---, H,(0, ---,m), «++ as functions 
of o flatten out is an important measure of the 
rapidity of convergence. The probable shape of 
H,(0, --+,) for nm large is shown in Fig. 1. But 
the curve H,(0, 1) is hardly any flatter than H;, 
indicating that the function (0, 1) is not much 
better than Wo."° Therefore, whether or not Wo is 
close to the correct eigenfunction, the convergence 
is exceedingly slow in this problem." 

10In the case of He the curve H,(0, 1) is considerably 
flatter than 

In general one would expect that an mth-order per- 
turbation calculation (m=number of particles) or an 
iteration calculation of order n/2 (m even) or order (m+-1)/2 


(n odd) should yield a fairly close approximation to Eo. 
But from Fig. 1 it appears that — of higher order 


would be necessary in the pe gesent oblem. 
us Note a4 in ‘oy ile the curves H,(¢; 0,1, 
n) approach the line Ey monotonically from a 


THE ITERATION METHOD 75 


Lines 7 and 8 give the coefficients \> and \,’ of 
WY, and W;,’ in the ground state combination. In 
particular, for ¢=0.5 the ground state (0, 1), 
(H,(0, 1) = — 116.40) is given by ¥(0, 1) =0.450 
Wo—0.600 ¥,’. It is interesting to note that the 
function WV,’ enters into (0,1) with greater 
weight than does Wo. 

The knowledge of > and \,; permits the calcu- 
lation of 


V(O, 1) (8) 


the average of the potentials in terms of the wave 
function ¥(0, 1), listed in lines 9-11. Comparison 
with the quantities V(0) (given in Table I) shows 
that the Majorana potential depends more 
sensitively on the form of the wave function than 
do the other components of the Hamiltonian. 

Lines 14 and 15 give the values p_27(0) and 
p-20(0,1) of —A/72 necessary to lower H,(0) 
and H,(0,1) to —270 (with an accuracy of 
about 1 mc*). The smallest such p1.380 at 
o0.81 for Hi, p1.320 at «0.72 for H,(0, 1). 
The improvement obtained by the use of the 
more complicated function is quite small.” 
Naturally, H, depends linearly on p. This is 
practically true also for H,(0,1) in the region 
o=0.3 to 1.0. The values of the potentials ob- 
tained for o=0.70 with p=1.320 (H,(0, 1) 
= — 269.3 for this case) are given below: T(0, 1) 
=426, T....(0,1)=16.8, W(0, 1)=—1432, 
M(0, 1) = —490. 


curves mp (o;0,1, (or mim (o;0, #), see footnotes 
14, 15, if must intersect each other for sufficiently high n. 
For any given ¢, ny(---) first , crossing the line 
E>. After reaching a minimum, my(---) increases, ap- 
proaching E» from below. (The points ¢=0 and «= @ are 
excluded from all considerations.) If my(---) has only 
one minimum as a function of m, then the points of inter- 
section of the curves ny(o; ---) necessarily lie below the E» 
-_ provided only that the expansion (9) exists with 
0. 

2 This is in contradiction to the findings of Euler. He 
found p; =2.36, p:=1.40 for the values of a force ratio, 
roughly corresponding to the p of this paper, to which first- 
and second-order perturbation calculations lead, respec- 
tively, in the case of heavy nuclei. The apparently more 
rapid convergence in Euler's case is possibly due to the use 
of a worse initial wave function Wo. Probably it is due to 
some extent also to the fact that Euler considered only 
terms up to the second order. It is to be expected that a 
perturbation calculation including first- second- and third- 
order contributions to the en would lead to an improve- 
ment of about the same order of magnitude over first-order 
results as a second-order iteration calculation. This seems 
to suggest that inclusion of third-order terms in Euler's 
calculation would have partly offset the improvement 
obtained in second order. For comparison of the iteration 
and urbation methods see Pauling and Wilson, 
jw ane to Quantum Mechanics, Chapter VII. 


The results to which solution of the secular 
equation lead were devoid of much information 
and to a large extent negative in nature. The 
numerical values H,(0)min= —93, Hi(0, 1) min 
= —117 do not offer any clue as to the approxi- 
mate location of Eo, especially since the conver- 
gence appears to be so slow. The most important 
information obtained was that (R) decreases as 
one proceeds from Wp to ¥(0, 1), and this indi- 
cates a most likely existence of a closely bound 


° \ | § 
Kt) 
| (0,0) 
100} 
(0,!,....9) 
fora lorge 
Fic. 1. Thea imate ahiing as a function of 
The rate at which the curves H,, 4,(0, 1), .. . as functions 


of ¢ flatten out is a measure of the rapidity of convergence. 


state. Yet, the divergence of R(0,---,m) as 
n— © is still a possibility, nor does a finite value 
for lim(R) prove definitely that the state 
lim ¥(0, ---,) lies below —220, the energy 


represented by four noninteracting a-particles.” 


4 If four a-particles represented by the selected Hamil- 
tonian are drawn together along the diagonals of a regular 
tetrahedron one may find: (1) The energy of the system 
increases continuously. (2) The energy first increases, then 
a potential hole is reached with a set of metastable states, 
the lowest of which is above — 220. (3) The lowest state in 
the potential hole is below — 220. Here again there are two 
a (a) the hole is reached by passing a potential 

rrier, (b) the ney eae continuously from —220 
to the minimum. ney of (R) excludes case (1). 
It also indicates that if case (2) is correct then H,(0, ---, ”) 
will not converge to the — 220 eigenvalue of the dissociated 
state, but to the lowest finite configuration. (Although very 
unlikely, it is conceivable that the set of functions Wo, 
¥;, .. . may be incomplete in such a way that some disso- 
ciated states of low energy cannot be described in terms of 
them.) Thus a finite R(0, ---, =) for n> @ is not a conclu- 
sive proof that the lowest state is below — 220. 
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The extrapolation methods of Appendix I will 
give an indication as to the approximate location 
of EZ. In order to obtain an estimate of the 
limitations for Eo, Ansatz (12) has been applied. 
Line 16 of Table III lists 7);."* for the various ¢. 
It shows that even on the basis of the rather re- 
stricted single-peak distribution function the 
values —90 and — 200 are quite possible 
simultaneously and not unreasonable.” 

A more accurate estimate for the location of E 
can be obtained by the use of the graphical 
method described in Appendix I, b. Unfortu- 
nately only four points Ko, Ki, Ks, Ks are 
available which must decide whether the curves 
K, and K, coincide or not. In Fig. 2 are plotted 
Ko, eee, log 10 K;forc=0.5 and for 120, 
—150, —180, —210, —240, —270; for con- 
venient comparison energy units are used which 
make logy K;=0.1."* The curves log K., log Ky 
have been drawn for »=—120 and »=-—270. 
For the intermediate 7 only the points are plotted 
in order not to prejudice the reader. When 
n=-— © Jog K is a straight line passing through 
the points (0,0), (2,0.1). As » increases the 
point log K; rises, log K,; falls and the curve 
log K becomes more bulging. By observing that 
as log K, and log K, start to separate the in- 
creasing curvature cannot be maintained by 
connecting all four points by a single smooth 
curve one is lead to believe that —230+20 is a 
reasonable estimate for the lowest eigenvalue 
of 

Work on this problem was begun during the 
Summer Session of 1937 at the University of 
Michigan. The problem and the use of the itera- 


* The definition of mim is given in A dix I, d. 
“ It is interesting to compare mim with Weinstein’ 'S ex- 
tw = H, — which is obtained for in terms of 
H, by taking k=0, p=1 in (12b). This cannot be done 
for any ined from expression must be 
with the Hy. One finds «0.45 and 
# More exactly: the curve log 4*K,,(m) is plotted vs. n. If 
one uses logarithms, the associated with the 


choice of the energy unit ng pws in the linear n log h 
term. h is determined from K,=0.1. 
Note added in proof:—A artificial examples 


have been studied. Those containing a large number of 
coefficients ¢ associated with eigenvalues spread over a 
large energy range yield results supporting the type of 
argument used in the text. However there exist examples 
which show that the method used to locate Ep» is not gen- 
erally valid. Consequently, the strongest argument for 


the existence of a stable stationary state remains the fact 
that the nuclear radius decreases as the wave function is 
improved. 
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tion method as well as the extrapolation method 
of Appendix I, d were suggested by E. Feenberg. 
The writer wishes to express his sincere gratitude 
to Dr. Feenberg for his constant guidance, 
interest and help. To Professor I. I. Rabi, 
Professor G. Breit and Professor K. Friedrichs 
the writer expresses thanks for many interesting 


and clarifying di “ar 
Appenpix I. THE ITERATION METHOD" 


(a) An alternate derivation of the secular 
equation 
Let Eo, E:, Es, be the true eigenvalues, ¢o, 
¢1, ¢2, «++ the true orthonormal eigenfunctions" 
of H, «; the Fourier coefficients of YW) with re- 
spect to them: 


Then 
i= eo? + +---+ 


Discarding all terms outside of the rectangle 
one is led to Eq. (3) for Ey. 
(b) Deviations 

Define 


Kala) ("ont coe +(—1)*" 


(10b) 


Kellogg considered the set of functions ¥o, ¥_: = 
_ we some very interesting properties, notably 
that’ they to an eigenfunction of H. (Cf. Courant 
and Hilbert, Met Math. I, 132.) 
is system may be supposed to enclosed i in a large 
box, so that the complete energy spectrum is discrete. 


ingle 


10a) 
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Fic. 2. Determination of E> from the coincidence of the 
curves log K, and log K, for «=0.5. Energy units were used 
which make log 10 


E, denotes the highest eigenvalue < 7. K, will be 
called the nth deviation moment of H with respect 
to n, Kan the nth absolute deviation moment of H 
with respect to n. Special cases are: the moments 
with respect to zero, K,(0)=H,, and the mo- 
ments with respect to H,, K,(#,) =D,,. The latter 
will be called, simply, deviations. The absolute 
deviations, are defined similarly, 
= K.,,(H;). The following relations hold : 


+(—1)"Ki%(m). (11) 


The deviation moments play a fundamental role, 
in the theory. For even K,,=K,, for odd 
Kw=K,. For <E,all terms are posi- 
tive and Ky, = K,.. This observation suggests a re- 
markably simple approximate determination of 
the eigenvalues of H. Plot K, vs. n. Two separate 
curves are obtained as long as 7 > EZ». The differ- 
ence between the two, denoted by 2k, deter- 
mines 


(10c) 


Consider in particular k,: 
ki(n< Eo) =0, 
hy (Eo << E;) = €9*Eo— €0n, 


If the curves K, and Ky were known exactly and 
the Fourier coefficients ¢; of Yo with respect to the 
¢i were not too small, then the broken line &,(n) 
would permit determination of thelevels E;and the 
coefficients ¢;. In particular, Ep would be given by 
the limiting » for which K, and K, coincide. 

The question therefore is, to what extent are 
the curves K,(n,) and K,(n,) known? It is 
easily seen that even when K(i, 9) is known for 
only a few values of i, the class of admissible 
curves is very limited. For 7<Ey K(n,») is of 
the type 


K(x, LaAe=hLaBe 
(a;20, Ay>0;h>0, B,>1). 


(A change in the energy unit manifests itself in a 
change in the factor h?.) This curve has at most 
one minimum, and to the right of this point the 
curve represents a monotonically increasing func- 
tion (condition A). If no curve can be drawn 
through the calculated points which satisfies 
condition A, then 7 >». Thus a system of upper 
bounds, 7.u.»., is obtained for Ey. The simplest 
of these, nu.».1, is defined as the lowest » for which 


K3(n) — > Ka(n) —Ki(n) =0. 


(The minimum of K, is to the left of n=2 if 
energy units are used for which Ko(m)—K,(») 
20.) For example in the oxygen problem 
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one finds qu.b.1= —116.401 (for «=0.5). This 
compares with H,=—91.471 and H,(0, 1) 
= —116.401."° The converse is by no means true. 
The curves which can be drawn through the 
calculated points K(i) are not unique. Moreover 
for very small values of «? large values of Eo—n 
are needed to make «*(Eo—n)* appreciable. 
Thus, when condition A is satisfied, no definite 
conclusions can be drawn. An estimate of Ey may 
be obtained from a study of the approximate 
shape of the curves K,, K» for values of » which 
are definitely below Zo, and values of » which 
are definitely above. 


(c) Quality of 

It is customary to consider Wp as a good ap- 
proximation to ¢o if H, is close to Eo, a bad 
approximation if H, and EZ» are rather far apart. 
This is true insofar as H7,= E, implies that Wo is 
exact. But much better information is obtained 
about the approximation when all the deviations 
Dax are considered. 

The curves D,,"'* plotted against (H(c))( =H) 
illustrate this point for the special case of oxygen. 
One such curve, D;', has been calculated, and 
the values are given in line 17, Table III. The 
ordinate (H)=—91.5 intersects these curves in 
two points, the lower represents o0.5, the 
upper o0.6. Thus (0.5) is a better wave 
function than (0.6) even though both yield 
approximately the same (HH). These considera- 
tions can be extended to include the curves 
Dex *(0, 1), +++, m), plotted 
against (H(c))(=H,(0, 1), ---,Hi(0, -- 
respectively). The limiting ordinate (/7) = —93 is 
the common tangent to the vertices of the curves 
Day"! *. (H) = —117 is the limiting ordinate of the 
curves D,,"/*(0, 1). As one proceeds to higher n 
the vertices of these curves tend to the point Ey 
on the (7) axis. 

The envelope of the curves D,,"/*, Dax'/*(0, 1), 
+++, convex if Wo is good, reaches the (#7) axis in 


19 Note added in proof:—These upper bound relations 
were brought to the writer's attention by Professor Breit 
who also pointed out a set which is independent of the 
energy unit, and therefore preferable to the one used above. 
The simplest of these expressions is G(n)=K,X;—K~?. 
G vanishes at »=/7,(0,1), and G<0 implies 7>Zo. Thus 
the condition G>0 reduces to the condition of monotonic 
increase, log K;—log K;>log K:—log K,, for the 
mic plot. Expressions analogous to G and involving higher 
deviations can also easily be set up. 
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a perpendicular direction at the point Eo.” The 
same holds true for the lines which connect 
points of equal o gn these curves, because the 
system of functions ¥;, if complete with reference 
to go, is complete irrespective of the ¢ (>0) used. 
This shows that all points with arbitrary ¢ (>0) 
will be located near the vertex of D,,"/*(0, 
as 


(d) Extrapolation method 

The great usefulness of the iteration method is 
primarily due to the fact that knowledge of a few 
H; implies considerably more information about 
the problem than is apparent from the solution of 
the secular equation. Numerous inequalities con- 
nect the H; and the : HY, H,2 
etc.; or, 
E,y>H,—D,} if Vo is a very good approximation 
to go," etc. Ail these are however merely frag- 
mentary results. So far the important problem of 
finding limitations which the first few calculated 
powers of H place on the higher powers of H and 
on the normal state eigenvalue has been barely 
investigated. 

In the oxygen problem this question turns up in 
a somewhat modified form. One finds H,= —93, 
#,(0, 1) = —117, whereas the experimental result 
gives (H)=—270 (Coulomb forces neglected). 
One inquires: Is it reasonable to expect H7,(0, 
+++, k) to converge to as low an (H) as the 
experimental value, or do the calculated Hi, 
H:, H; imply such restrictions on the higher 
powers of H that (H)=—270 as a limit is very 
unreasonable, well-nigh impossible? 

For the study of these questions Feenberg sug- 
gested the following method : replace expression 


(9) by 
Yo=N 
% 
where 


% 


* If the approximation is very good, a small improve- 
ment in (H) will necessitate a large improvement in the 
wave function, that is, a large drop in D,,. This method 
therefore yields a convenient estimate of E» provided a 


(12a) 


sufficient number of curves D,;"/*(0, ---, m) (n=0,1,2, ---) 
is = so that the convex portion of the envelope is 
reached. 


% Weinstein's theorem. See Pauling and Wilson, refer- 
ence 12. A sufficient condition for the validity of the theo- 
rem is 2H, <Eot+E,, where ¢, is the lowest excited state 


not orthogonal to Wo. 
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that is, approximate the true spectrum of the 
Hamiltonian by a continuous one. This greatly 
facilitates all considerations. The distribution 
function p, gives a description of the manner in 
which the various correct eigenfunctions combine 
into Wo.2"* A simple form for p,, 


Py = (n—n0)*? exp 
(k>—1,p>0,8>0) (12b) 


is an exponential distribution with a single peak, 
whose location is regulated by k, width by 8, 
slope by p. With this p, one finds 


H,=N- 


+ 
— 
Tarp 


In general the important contributions to Wo will 
come from various regions in 9, and the correct p, 
may be written as a sum p=@1p;+d292+--- of 
expressions of type (12b). Relations of type (13) 
connect the parameters in p. By suitably adjust- 
ing them, mo can be varied. Naturally, there must 
be sufficient parameters to avoid contradictions. 
The questions arise : (1) To what m will a reason- 
able assumed p lead? (2) How unreasonably 
must p be assumed in order to obtain m for oxy- 
gen as low as —270 or even less? The question 
whether arbitrarily small 9 can be obtained is an 
important one. This is certainly possible when 
only H, is known, m—— © as 8 in the ex- 
pression for 7; given by (13). Whether this is still 
possible when H, H:, H3, or more H; are given, 
has in general not been investigated, but it seems 
that the present procedure should yield some 
information. Weinstein’s theorem suggests that 
there must be some limitations. In the present 
paper the case for which H,, H2, H; are given is 
considered. p is taken in the form (12b), which is 
a good approximation if Wo is close to a true 


%* The distribution function p should not be confused 
with the force ratio p= —A/72 considered in earlier sec- 
tions of this paper. 


eigenfunction of H.” Under these assumptions 
there actually exists a lower bound for m. One 
also finds that the slightly more general, and by 
assuming the lowest state discrete, slightly more 


correct five-parameter Ansatz 


leading to the biquadratic equation 


(F2—1)(m—Hi)* — (3 —2F2)D2(mo— A)? 
(15) 


(F; is given in Eq. (16)), does not go beyond the 
limits imposed by Eq. (17). The lowest 1 is 
obtained when \= ~, i.e. when Eq. (14) reduces 
to Eq. (12a). 

Expression (12b) is specifically adapted to 
the case when the first three H; are known. They 
permit determination of 8, k, p as functions of mp. 
Eq. (13) leads to the relations 


Ri(no) = Fi(p, k), 


= 2), (16a) 


F.(p, (=) 


connecting p and &, 6 is given by 


rl(k+1)/P) 
Ki(no). 16b 
(16b) 


For practical calculations it is simpler to fix a 
definite value for p instead of no. Plot 4 and R, vs. 
A(n) = Ri— Rs, and on the same graph plot k and 
F, vs. 6(k) = F,— Fs. The ordinate through the 
intersection of F,; and R, cuts 9 and k in points 
corresponding to the selected p. 5(k) is always 
positive. A(m) is a monotonically decreasing 
function of —7 for 7< mim (defined by Eq. (17)). 


= If Wo is an eigenfunction, say ¢,, then Eq. (12a) with 
Py = 5(q—m) is exact. Such a 6 function can be arbitrarily 


well approximated by expressions of type (12b). 
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Consequently the root mim of 

A(n) = Ri(n) — Ra(n) =0 (17) 
forms a lower bound for mo. As this limiting case 

is approached k-«, p—0, 

APPENDIX II. Matrix ELEMENTs™ 

(a) The fundamental formula (22) 
In this section formulas will be developed for 

the matrix elements of operators™ 
V (ty, tm) (18) 

4 


referred to wave functions of the type Was 
Ve Vu= Vy where one, Vs are 
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certain operators, and Wp» is the Hartree-Fock 
determinant 

(19) 


Vo= 

(n !) » 
constructed from single particle wave functions 
V1, ¥2, -**, Wa. These are assumed to be mutually 
orthogonal, 


f Nida. (20) 


dT is a four-dimensional volume element, in- 
cluding spin coordinates. For Vo one finds**® 


= 2, m) 


V denotes the operator V operating on the argu- 
ments of unstarred only, and N= N,N;:--N,. 
The matrix elements Vs; 3 are then obtained 
by replacing V in the integrand by V,'V.'VV,Vs. 
V.' denotes the Hermitian conjugate of V. 
operating on Vs! which precedes it, and on the 
arguments of the starred y,*. 

In order to simplify Eq. (21) the wave func- 
tions y, are assumed in the form of a space func- 
tion «; multiplied by one of the four spin func- 
tions mx. Multiplying out the determinant and 
performing the spin summation, on the assump- 
tion that V does not involve a spin operation, 
and that all occupied space orbits are fully occu- 
pied one obtains?’ 


* Under suitable conditions 9); defines a lower bound for 
the true normal state eigenvalue E» of the Hamiltonian. 
Proof of this statement will be presented at a future time. 

* The normalization condition of the preceding 
para phs is dropped in this section. 

ummation signs with primes denote that no two 
indices are equal. 

* Derivation given in Appendix III. 

* The derivation is given in Appendix IV. The modifica- 
tions necessary to include spin ——— operations are 

in example 2 of this section. (It has been found 
=, the application to incom ely 
ce orbits. PBiscursion of this case would ould bend too far 
afield from the oxygen 


(21) 
Lv,'*(m)y,'(m) 


fva, 2, +++, (22a) 


where dr is a three-dimensional volume element, 
D°=1 
= (1) 
DM = (1)(2)—3]12|? 
= (1)(2)(3) —3(1) | 23|*—3(2) | 13)? 
— | 12] 2+ (122331) + (133221) 
DVI = (1)(2)(3) (4) 
+ | 13|#(2)(4)(S)(6)+---} 
+ 
—4-*| (12233441)(5)(6)+--- 
+ |12|?(344553)(6)+--- 
+ 
+4-*{ (1223344551)(6)+--- 
+ | 12] #(34455663) + - - - 
+ (122331)(455664)+---} 
—4-* | (122334455661) +---}. 


Fock 


(21) 


2b) 
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The following abbreviations are used : 
= (23), 
(122331) =(12)(23)(31), 


(23) 
|12|%= (1221), 
(1) = (11). 
(122331) is called a three-index cycle, |12|*(3) a 
two-cycle (product of two cycles). 


(b) Examples 

1. Ordinary exchange operators :—The exchange 
operator Pj, exchanges indices 1 and 2 in D, the 
operator P,,; exchanges them in the even posi- 
tions, P,:' in the odd positions. Abbreviated ex- 
pressions must be written out in full before apply- 
ing the operators: 


Pia(1)|23|*= (2)|13]?, 


Prst(1) | 23|?= Past (11) (23) (32) 
= (21)(13)(32) = (133221), 


P2(1) | 23|?=Py2(1/)(23)(32) = (122331). 


It is thus seen that for individual terms one may 
have )¥P,,"( ), but one finds P,.D=P,,'D. 
The term (122331) |45|?(6) of DY! has the coeffi- 
cient 4*-* and the sign (—1)**. One can write 
4° =2*-2%. One of the factors 2* arises from the 
ordinary spin summation” 


Se 


the other from the corresponding isotopic spin 
summation. The superscripts ¢ denote that these 
expressions are now restricted to ordinary spins. 
They will be omitted if there is no danger of 
misunderstanding. This shows at once how to 
proceed when spin exchange operators are 
present. 

2. Spin exchange operators:—The following is 
an example: Use the \obreviation™ 


[ 
Since 
= (14455661)*(2332)°, 
on summing over the spin coordinates one finds 
Si Se Si Se 


** For notation see Appendix IV. 


This result is denoted by writing 
3.28 
|45 | *(6) 


2?-28 


|45 | *(6). 


The general rule is: if f(P) changes an n-cycle 
into an m-cycle, the corresponding f(Q*) leaves 
the cycle structure unchanged but changes the 
factor 2* into 2". The isotopic spin operator Q* 
is treated in a similar way. With this interpreta- 
tion spin exchange operators can be applied in 
Eq. (22) even though the spin functions have 
already been eliminated. 


3. Differential operators:—(a) Since V(ab) 
=(Va)b+a(Vb), one can write 
V2(2) = Wa(2, 2)= 
(122331) + (133221) } 
= (122331) -+(133221)]. 


(But ¥ (122331) #4¥3(122331).) (b) 
A2(12)=A,(12), A2(21)=0, 
42(2) =[As(a, 2) Jens. (24b) 


4. Special cases:—(a) One finds that DY* con- 
sists of one six-cycle, 15 five-cycles, 85 four-cycles, 
225 three-cycles, 274 two-cycles, and 120 one- 
cycles, a total of 6! terms. These figures can be 
checked in the following way : consider 


for V(i;, +--+, N=1. 


(24a) 


Voo=n(n—1)---(n—5). This result must also be 
obtained from For 
simplicity consider oxygen (m= 16). For this case 
JS (123: and therefore 


iSx4® 85x4* 225x4* 
r + 


4 4 

274xX4* 1204] 16! 
+ - q.e.d. 

4 45 10! 


(b) For m=0 Eq. (21) reduces to 1g=WN, for 


(19) 
(20) 

| | 

q 


82 GABRIEL 


m=n to the single term 


(0| 2, n) | 0) 


for m>n it vanishes. 

5. The density function for oxygen:—For oxy- 
gen take 


= exp 


(26a) 
exp (—rr;*), 
Ne= f S*(1)S(t)dr =(aa/r)!}, 
. (26b) 


Np= f N=NgtNp". 


Naturally the integration over r refers to the 
space coordinates, not to the parameter r. 
Actually r=ae, and so the normalization con- 
stants reduce to unity. It is preferable to write r 
in the exponent instead of ac, because some ma- 
trix elements can be obtained by differentiation 
with respect to r and replacing +r afterwards by 
ag. In terms of the functions (26) 


3(12) =.S*(1)S(2) +11 -12P*(1)P(2) 
= 
Xexp (27) 


For example, in 


6x x2) S*P?+ + 
+ 


the exponential dependence of the integrand is 
given by 


exp J}. 
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The substitution © 
R; 
r,=R,+ » Ts=Rs, 
2e+1 o+1 


permits separation of the variables. A typical 
term 


C= f 
thus becomes 


f exp | (20-41) Ri 


1+ 
(26+1)(o+1) 


x 
(20+1)*(o+1)? 
R; 
if 


and can be written in the form 


which now permits immediate integration. The 


result is 
2103 


For many indices the decomposition into a 
linearly independent set of such integrals, even 
to a greater extent than their evaluation, be- 
comes overwhelmingly laborious. In the case of 
oxygen evaluation of H; necessitated the calcula- 
tion of several thousand such terms. 

6. Matrix elements of T..¢.:—Substitute 
=—(1/2n)A..¢. into formula (25), introduce 
relative and c.g. coordinates, 2= Zrei+Ze.,., and 
write Wp, in the form determinant X 
exp One finds” 


Ac.g.Vo= (—6rn Vo. (28) 


Integration yields (7 ..¢.)o= ae, and more gen- 
erally, since T..,. commutes with J(r;;), (T e.g.) i 
= ij- 

2* The case of oxygen is considered but the method is 


also applicable in other cases. See Bethe and Rose, Phys. 
Rev. 51, 283 (1937). 


pical 


2d Ry 
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(c) Matrix components of H,, H:, H; 


Determination of H, requires the evaluation 
of expressions of the type 


Wur= f wre, 


The expressions for the matrix elements listed 
below which do not involve the operator T are 
general. The same holds true for Tww, Tw, 
Tum. These matrix elements have been calcu- 
lated by decomposing them into sums of type 
(22). The other matrix elements involving T 
imply the use of functions of type (26). With 


these functions, the observation*® 
TVo= [(3s+5p) =TWo, (29) 
I'(r) = 


permits a much simpler method of evaluation 
than the use of formula (22). A matrix element 


Formulae (30) 
(V=1, W, M,T), 
loo=1, 
lwo=Wo0=3 S J(riz) D"driz, 
Moo=} S J(riz)P12D" 


given in the form I’,I'y*N Vx; will be evaluated in 
the following way: first, perform the operation 
I'(r.) second, replace in the result r.‘rs/ 
by by d**i/dr**i; 
third, apply this new operator on NV; where N is 
given by formula (26b) ; fourth, replace r by ae. 
This simplified calculation is possible in all those 
cases where T can be applied directly on Wo, 
eg. in /Wo*WMTWo. Expressions of type 
lead to 


S Vo*W(TM — 


i.e. the sum of a term obtainable by differentia- 
tion and a commutator term. This permits the 
determination of Tww, Tuw, Tum by calculating 
Wwr, War, Mur, and adding merely the “grad” 
integrals indicated in the former. The labor 
thus saved is enormous, but this simplification 
was noticed too late to make extensive use of it in 
the present calculations.” 


lww = Wwo=} S J(12)I(34) S J(13)I(23) S S212) D"dris, 
= Muo=} J(12)I(34)Pi2P 4+ S S J2(12)D"dris, 
Www=} J(12)J(34)I(56) DY + 3 J(12)J(35) J(12)J(23)J(34) 


+ J(12)F(23)J(31) +4 Sf J4(12)D", 


Wuw = Mww=% S J(12)J(35)J(45) Pos) DY 
+ 2s) D+ J(12)J(13)J(14) 
+ SJ J(13)J*(23)(Pis+2P 23) D™ 


+ S J4(12)P 2D", 


* s gives the number of s particles, » the number of p particles in the nucleus. 
* However some of the checking was done by the simpler method. It is to be considered very satisfactory that the 


matrix elements evaluated by the two independent meth 
calculated to ten figures. 


ods agree to nine figures. Most of the matrix elements were 
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= Muw=t S + J(12)I(35)J(45) ($P as) DY 
+ J(12)J(23)I(34) (Piss+Pise+P D+ 
+ D+ Piss) D™ 
+ +4 J*(12) 0", 
Mum =} S + § SJ (12) J(45)Pi2P 
+ f J(12)J(23)I(34) D+ SJ 


+ J(12)I(23)I(31)P 2D +4 S 


Twr=T?NWoo, 
Tur=Ts’NMoo, 
100, 
Wwr=")\NWwo, 

Two= Wro=lNWoo, 
Tuo=Mro=lsNMoo, wo, 
Woo, 


~2T ww S J(12)I(34) + S I(12)I(34) at SI(13)J(23) 
+4 Sf F712) J [I2(12)Ai— (12) }*JD"dris, 
—2T uw=} J(12)J(34) J(12)J(34) (Pi2t+P as) 
+ J(13)J(23) S [I(13)J(23) (241+ As) — VsJ(13) -VsJ(23) 
J2(12) [I7(12) Ai — {Vi (12) 


—2T S I(12) AsPisP S J(12)I(34) A 
+ J(13)I(23) t+ S[I(13)J(23) (241+ 43) — (13) -Vs(23) J 
SJ (23) (13) (133221) — 9 (122331) Jdri_s 


+3 Sf JS {V,J(12) }2 JD" dris. 


A very convenient check is available for these expressions. Consider for example — 27 wa. Replace 
A; by 1, J(rj) by 1. It is seen from expression (31) that —27 must reduce to in[n(n—1) P. By 


example 4a, becomes 
4n(n—1)(n—2)(n—3)(m—4) 


the required result. 
The derivation of the formula for Ty illustrates the method by which expressions (30) were 


obtained : 


12, 


Ti, 
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—2T um =}(0| J(aB)P ast) Aid 0) (31) 
i 
5 ‘ 
=} f J(12)P (34)P4D+ f J (13)Past(Q aa) J (23)P2sD 


+4 f JDP 


3 
It will suffice to evaluate the terms >} in the middle expression of the right-hand side. 
Write in the form =! 


4(Piss+ Piss) + $$[(122331) — (133221) ] 
and abbreviate this expression by PD+ $4 R. Then 


. 


ff f 


= f J(13)J(23)A42PD 
(by formula (24a) and by Green's theorem), 


f J(13)43(23)PD = f [7(13)J(23) JP, 
f (23) f J(23)y.J(13) — 9s(122331) 
f qed. 


ApPpEeNpIx III 


Derivation of formula (21) 
It is sufficient to establish Eq. (21) for the two-index operator, V= >> V(ik). 
igtk 


(A) =(0| V(ik) |0) = f -a*(m) V(GR)(1/m 


x{ f f Pst(i) (b) Vib) a} f 


| 
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where >> (—1)’P, effects all m! permutations in the subscripts, and the sign, +, — is taken according 
to whether the permutation is even or odd, respectively. For nonvanishing terms one must have 
PW;= Pw; for all j except j=i or j=k. For 
one must have either 


The latter is obtained from the former by a transposition (odd permutation). Thus expression (A) 
becomes 


and since there are (n—2)! permutations which give ¥,*=P,y;* and y,*=P,¥,* one can write 
x =(n—2) 2. But the determinant vanishes for «=x, so the condition «#«x can be dropped and 


=(1/n) NE f 


one obtains 
Lv "(2) 


0| V(ék) |0)= 


from which Eq. (21) follows at once by observing that there are n(m—1) i#k combinations. 


APPENDIX IV 


Derivation of formula (22) 
Use the abbreviations 
¥.(13) 
+ + -+ S2) (S++ 4+). 

Obviously, 

+terms involving cross products of ], 


and this expression reduces by orthogonality and completeness relations to 
(133221) =4, 


Si Se Ss 
and in general one obtains 


(1228: - -mi)=4 (=2 for the case of two spin functions). 
81 8: 


In establishing Eq. (22) it is sufficient to consider a typical product to which expansion of the 
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ng determinant and spin summation lead for the case of m=4: 


8; S82 83 8a 


This expression must reduce to 
4-*(133221)(4). 


But, if S denotes the summation over all separated space orbits (each separate orbit contributes one 


A) corm, exprenion 
* 
| Si 
The exponent of 4 in the numerator gives the number of cycles, the one in the denominator the 
number of indices. 

te 
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Dissipative Acoustic Reflection Coefficients in Gases by Ultrasonic Interferometry 


R. S. ALLEMAN 
Rowland Physical Laboratory, The Johns Hopkins University, Baltimore, Maryland 
(Received August 8, 1938) 


Reflection coefficients for ultrasonic waves in gases, much lower than allowed by the dy- 
namical theory of sound, first evaluated for a single frequency by J. C. Hubbard, and found 
by R. W. Curtis to have a frequency dependence, are satisfactorily explained by the new heat 
conduction theory of acoustic reflection developed by K. F. Herzfeld. This paper presents a 
modification of the theory of the acoustic resonator interferometer so as to include dissipative 
losses by emission and reflection at the source as well as losses by reflection at the reflector. 
The analysis of previously obtained and new data for COs, air, and He shows excellent agree- 
ment with Herzfeld’s theory in all cases showing minimum losses. The requirements for securing 
such data, including the plane parallelism of source and reflector and modes of vibration of the 
source have been studied by optical, electrical and acoustical methods. The parallelism re- 
]. quirement is most rigorous and of a higher order of magnitude than for velocity determinations. 
Slight departures result in apparent losses of great magnitude. This requirement is best ful- 
filled by adjustment for maximum acoustic reaction, or peak height, while the interferometer 
is in actual operation. The sensitivity of the interferometer is greatly increased by blocking 
| out unused radiation by reflecting plates at a quarter wave-length distance from the source. 


HE study of acoustic resonator interfer- proximately 7 percent—in the case of dry air at iu 
ometry, by Hubbard,' resulting in experi- che loos predicted by the useal calculation’ 
mental evaluations of the fraction, 7*, of normal eted to the 

incident ultrasonic energy which is reflected from arl 
a plane solid boundary, gave values which indi- 
200 times smaller than the value deduced from 


. C. Hubbard, Phys. Rev. 38, 1011 (1931); 41, 523 *1. B. Crandall, Theory of Vibrating Systems and Sound 
e (19 2); 46, 525 (1934). (D. Van Nostrand Company), pp. 92 ff. 


| INTRODUCTION cated a reflection loss of several percent—ap- 
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experiment. Then, it was suggested that resonant 
effects might easily account for such high losses, 
but subsequent measurements by Curtis* indi- 
cated systematically lower reflection coefficients 
at higher frequencies and thus higher losses. 
Following the work of Curtis, K. F. Herzfeld‘ 
made theoretical calculations in an attempt to 
explain the experimental results on the basis of 
heat conduction into the solid boundary from the 
higher temperatures of compressions, and out of 
the boundary during the rarefactions. The result 
was the introduction into the theory of reflection 
of a highly damped, slowly moving wave, called 
“temperature wave,” in the gas. This wave, 
being out of phase with the incident and reflected 
waves, reduces the amplitude and changes the 
phase of the wave at reflection, thereby giving 
rise to a considerable energy loss of a dissipative 
nature. Reflection losses thus predicted depend 
not only on the particular gas, but also upon the 
square root of the frequency of the sound wave. 
Numerical calculations showed that these con- 
siderations accounted in some cases for half, in 
many cases for much less than half the losses 
deduced from measurements with the acoustic 
interferometer. In the theory of the interfer- 
ometer, according to the usual boundary con- 
ditions, a coefficient of reflection had been 
assigned to the reflector, but not to the source. 
It has, therefore, been the object of the studies 
presented here to investigate the experimental 
and theoretical bases of acoustic resonator inter- 
ferometry, in an attempt to find a satisfactory 
explanation for the wide discrepancies between 
theoretical and experimental values of reflection 
coefficients. In the first part is presented a 
revision of the acoustical analysis of the inter- 
ferometer, as required by Herzfeld’s new theory 
of sound reflection, after which experimental 
requirements and investigations are discussed. 


ACOUSTICAL ANALYSIS OF INTERFEROMETER WITH 
DISSIPATIVE REFLECTION COEFFICIENTS 


The acoustical analysis of Hubbard's resonator 
interferometer consists of finding expressions for 
equilibrium values of excess pressure, caused by 
multiply reflected waves, between a source, S, 


*R. W. Curtis, Phys. Rev. 46, 811 (1934). 
‘K. F. Herzfeld, Phys. Rev. 53, 899 (1938). 


— 


Fic. 1, Scheme of interferometer with source S, reflector R, 
and fluid column of length r. 


and a solid plane reflector, R, parallel to the 
source, Fig. 1. Such expressions are to be written 
in terms of : the motion of the source, £,.0= fe; 
the attenuation coefficient, a, such that dé,/£, 
=-—adx; coefficients of sound reflection, vy; 
velocity, v, frequency, v= w/27, and gas density, 
p; and the coordinates x and r. In the notation 
used here, £,..= £,e' is the particle velocity at 
the point x, and at the time #, in which &, is the 
complex amplitude of particle velocity, and in- 
cludes the phase of the motion with respect to 
that of the source, at x=0. 

Characteristics of the reflection process, and 
thus of the reflection coefficients, are obtained 
from Herzfeld’s new analysis of sound reflection, 
namely: (1) heat conduction effects, dissipative 
processes, reduce the accelerating force possessed 
by a gas wave near a solid boundary; (2) all 
solids act as infinitely good conductors as com- 
pared with the gas; (3) the amplitude reflection 
coefficient, y, is a complex fraction defined by 
which expresses a phase 
change upon reflection, with respect to the 
incident wave; and (4), continuity of velocity 
at a boundary is preserved by a highly damped, 
slow velocity wave, called “temperature wave,” 
which is set up in the gas near the reflector. 

The relative order of magnitudes of the losses 
caused by this dissipative reflection coefficient, y, 
and the usual nondissipative loss, caused by 
Yo= are such, it has 
been assumed in what follows, that the latter is 
negligible, and that accordingly the reflector is 
stationary insofar as it effects the pressure vari- 
ations at the source. 

By applying the same type of analysis as used 
by Herzfeld in obtaining the reduction in ampli- 
tude of a wave on reflection, it may be shown 
that the wave emitted by a source also suffers 


S R 
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a reduction in amplitude and phase as it leaves 
the source. The result is, within the same limits 
of approximation used by him, that the ampli- 
tude of motion, £, of the source produces a 
regular wave of amplitude y’é, and a tempera- 
ture wave of amplitude (1—-’)&», in which 7’ is 
related to the y previously defined and calcu- 
lated by Herzfeld, by the equation 


=4(1+7) (1) 


or approximately, y’=~'. This equation, and the 
previous definitions allow one to write down the 
necessary expressions for particle velocities near 
the source, in terms of direct and reflected waves 
of both types: temperature waves of velocity v2, 
and ordinary waves of velocity v. 

At a point x, near the source, one need not 
consider temperature waves proceeding from the 
reflector, since they are so quickly removed by 
absorption. (The absorption coefficient, a2, of 
these temperature waves, as calculated by Herz- 
feld, is, for »= 10°, in air, about 7 X 10°.) Accord- 
ingly, if §.(—), and £.(T+), represent 
respectively the sum of amplitudes of forward, 
backward, and forward temperature waves at x, 
near the source, it follows that 


£.(+) = 


£.( —) boy’ ye (tie! 
and 


T+) = 
x {(1 —y')+(1 ye 
in which > stands for the sum 


where the phase angle, 4, is given by 
6=2rw/v+2¢. (2) 


At x=0, or the source, the expressions above 
reduce to 


£o(+) = —y*e 1, (3) 


(4) 
and 


= — &o(—). (5) 


The latter equation expresses the fact of con- 
tinuity of velocity at the source. 

For convenience in calculating the pressure on 
the source, Eqs. (3), (4) and (5) may be 
written as: 

fo(+) = &(+)[1-e(+)], (6) 
where and «(+)=(1—y’); 
= —&—)[1-e(—)], (7) 
where &(—) = —1), and «(—)=(1—y'/7); 
and = T+) (8) 


Thus, the excess pressure, p,.0= poe’, at the 
source, is calculated by 


Po= pv | Eo(-+) — —) + (9) 
or 
pv} (+) +&(—)} 

— pu {e(+)&(+)+e(—)&(—)} 
+pu(v2/v) 

The principal contribution to po» will come from 
the first term; the second, is of the order 1—7+’ 
compared with the first; and the third, the con- 
tribution of the temperature waves, is of still 
higher order in 1—+, on account of the small 
velocity, v:~v(1—~y*), of these temperature 
waves. 

When the values for «(+) and «(—) are 
placed in (9), and the pressure of the temperature 
waves neglected, becomes, 
pol 

(10) 

This complex expression can be rationalized into 
the form 

pvéoPo+ pwtoQo, (11) 


in which Pp>=P+AP, and Qo=Q+AQ, where 
P=[sinh (2r7a+8*) ]/[cosh (2ra+8*) —cos 
Q=sin 5/[cosh (2ra+8*) —cos 8]; 
and AP sin ¢—1], 

4Q= (4) sin 


Since y is a complex quantity of amplitude near 
unity and of phase g=(1—~7*)/2#8*/2, the 


2) 


(13) 
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LT _| 
RESULTING FROM OBSERVED 
| VALUES OF ig 
2 =,/ 
Fic. 2. Typical set of interferometer data, from which 
the ratio of reflection and absorption constants is cal- 


culated. 


following approximations were used to obtain 
(13) : (y*)*=2(1 —y*4), 
cos g=1, and sin g=1—(y*)'=¢. 

The functions Py and Q» have thus been 
written in terms of P and Q, because of the 
simplicity of calculation of these latter functions, 
and because of the relative magnitudes of AP 
and AQ compared with P and Q respectively. 
AP and AQ introduce slight dissymmetries into 
P, and Qo, but the magnitude to which they 
effect interferometric current readings is small 
compared to the usual precision of measurements 
and subsequent approximations made in their 
analysis. 

Therefore, to a good approximation for inter- 
ferometer measurements, one can put P)=P, 
and Qo=Q and write, for the excess pressure on 
the source, 


pvt + prwt (11) 


wherein £,.9 and £9 are the velocity and dis- 
placement, respectively, of the source. P and Q 
can be given the useful forms 


P=sinh x/[cosh x—cos 6], (12’) 
Q=sin 5/[cosh x—cos 6], 


in which 6=[(r+Ar)/(A/2) —m]2x, Ar/A= ¢/2x, 
x= 2ra+*, and \=2v/w. Here, m is the nearest 
whole number of half-wave-lengths included in 
the distance r, between the reflector and source. 

Hubbard has given the general character of the 
functions P and Q as r is varied, and has shown 
that at points for 5=0, they take on critical 


values which yield to analysis. Thus at 6=0, 
Qn =0, Xm = —2Ara and 


P»=1/tanh (Xm/2) (14) 
=2/Xm; 


or 1/P,, = (mha+B* — 2Ara) /2. 


These values of P,,, for 5=0, are maximum values 
and occur at half-wave-length separations; al- 
though the effect of the phase change, ¢, occur- 
ring at the source and reflector, is to shorten 
the distance r necessary to make 5=0, it does 
not alter the validity of the half-wave-length 
separations of P,,. 

Hubbard has shown that interferometric cur- 
rent measurements, are capable of yielding ex- 
perimental determinations of ultrasonic reflection 
and absorption coefficients by making use of 
equations analogous to (12) and (14). Thus, the 
function ®,,, of current measurements, defined by 


—1] (15) 


was .shown to be related to the values P,, by 
,,=SP,, in which S is a constant of the inter- 
ferometer unit. Accordingly, a linear relation 
should exist between observed values of m and 
1/4,, in the following form: 


in which the term 2Ara has been neglected in 
comparison with 8* in using Eq. (14). 

Figure 2 shows a typical set of data and the 
corresponding plot of 1/4, against m, and 
illustrates the validity of their linear relation- 
ship. An electrical interpretation of ®, is the 
number of times the equivalent resistance of 
the interferometer unit, for r=m)/2, has in- 
creased over its minimum value at r=)/4. 
From the slope, C,=8*\(a/8*)/2S, and inter- 
cept, C;=8*/2S, of the 1/4,,, m plot, the ratio 
B*/a=AC;/C, of the reflection and absorption 
constants is determined, provided the wave- 
length, A, of the sound waves has been simul- 
taneously observed. The remainder of the 
analysis to determine a and §* separately from 
the peak structure, is outlined in Hubbard’s 
original paper. 

A comparison between this case of dissipative 
reflection losses, and that of nondissipaitve 
coefficients, first considered by Hubbard,' shows 
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that amplitude reflection coefficients as deter- 
mined on the latter basis are actually intensity 
coefficients when interpreted on the dissipative 
basis. For, the term aAC;/C, actually represents 
the exponential power in the intensity coefficient 
y*=e-**, rather than the power in the former 
amplitude coefficient y=e~*. 


EXPERIMENTAL EVIDENCE FOR THE NEW THEORY 
OF SOUND REFLECTION 


In the previous section it has been shown that 
one can easily convert previously determined 
values of reflection losses, assumed nondissipa- 
tive, into losses interpreted on a dissipative 
basis. This has been done for previous measure- 
ments of Hubbard! and Curtis* as well as for 
some measurements of the author, for three 
gases; and the results compared with the theo- 
retical frequency dependence as calculated by 
Herzfeld. Table I presents nine such com- 
parisons, in which the theoretical values have 
been determined from the following equations, 
taken from the original manuscript of Herzfeld’s 
paper, showing how the square of the amplitude 
reflection coefficient y*, should depend upon 
the frequency v=w/2r. For air, 1—y*=4.4 
for COs, 1—y* and 
for helium, 1 —y* =9.5 K 10-5»). 

The experimental results given in Table I, also 
plotted on logarithmic scales in Fig. 3, by no 
means represent all values which have been 
recorded, but have been selected as lower limiting 
values of experimental determinations which, as 
a group, are in good agreement with the theo- 
retical predictions. Numerous other determina- 
tions, all of which give much higher values of 


TABLE I. Theoretical and re prey reflection losses in air, 


helium and carbon dioxide. 
FREQUENCY 1-7* 
Gas (KC /SEc.) (EXxP.) (THEO.) 
Air 597 0.034* 0.034 
1237 0.051* 0.049 
CO; 189 0.015t 0.0122 
597 0.0148* 0.0216 
He 252 0.048t 0.046 
a4 792 0.0897 0.081 
“ 1001 0.085t 0,092 
si 1192 0.1017 0.097 
1976 0.118t 0.124 


* Hubbard, reference 1. ft Author. { Curtis, reference 3. 


| ULTRASONIC REFLECTION | 
LOSSES IN GASES | z 
rT| 
2 
22 
4 
a | | 
ian e300 — oto — 


FREQUENCY 


Fic. 3. Logarithmic plot of experimental and theoretical 
values of reflection coefficients, showing the frequency 
dependence, and d of agreement of experimental 
values with theory (full curve). 


1—y*, are probably the result of improper 
alignment in the interferometer unit, as indi- 
cated in the following paragraphs, It is of interest 
to note that the first published result of Hubbard, 
when interpreted in terms of emissive and re- 
flective losses at the source as well as losses at 
the reflector, for air at 597 kc, agrees perfectly 
with theory; and also of interest is the good 
agreement one obtains when reflection losses are 
high, and thus more easily measured, as for 
helium, as contrasted with the case of COs, in 
which reflection losses are small and measure- 
ments, because of high absorption, are exceed- 
ingly difficult. 


EXPERIMENTAL REQUIREMENTS AND ADJUST- 
MENTS IN ULTRASONIC INTER- 
FEROMETRY WITH GASES 


As pointed out above, the lower values of 
1—+y* previously obtained are in good accord 
with Herzfeld's theory. However, the experi- 
mental requirements for obtaining limiting values 
are extremely rigorous, and small departures 
from such requirements result in great exaggera- 
tion of the values of the losses as calculated from 
experimental data. Therefore, in these last para- 
graphs some of the difficulties and requirements 
which must be met in working with the inter- 
ferometer are presented. 

The basic assumption and requirement in 
acoustic interferometry is that one works with 
plane, normal, sinusoidal waves between the 
source, a piezoelectric quartz plate in this case, 
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(c) 


Fic. 4. Schlieren pictures of ultrasonic radiation fields in 
air. (a) and (b) are two different modes of the same crystal. 
(c) shows the standing wave structure of such disturbances. 


and the reflector, with both source and reflector 
being plane and parallel to each other. The more 
nearly the mode of vibration of the source 
resembles a simple piston-like motion, the more 
nearly will the waves be plane. Thus the selection 
of a proper source involves finding a suitable 
mode of vibration. Two methods for investi- 
gating this point have been used: schlieren 
photographs have been made of the sound field, 
by using apparatus similar to that described by 
Taylor and Waldram.’ Typical pictures indi- 
cating the type of acoustic disturbances created 
by certain quartz crystals are shown in Fig. 4 
(a) and (b) are pictures of two different modes of 
the same 600-kc crystal, in which the mode (a) is 
more suitable for interferometric work than 
is (b). Fig. 4(c) is a typical picture of ultrasonic 
standing waves, obtained by allowing light from 
both sides of the central image in the diffraction 
pattern to form the image. (a) and (b) do not 
show standing waves, according to the Abbe 
theorem, since the diffraction pattern in such 
cases consists principally of only one first-order 
diffraction band. 

The second method employed for the study of 
the mode of vibration is illustrated in Fig. 5. 


*H. G. Taylor and J. M. Waldram, J. Sci. Inst. 10, 378 


(1933). 


Here typical current peaks of acoustic reaction 
have been plotted for two conditions: (a) re- 
flector parallel to source, and (b) reflector in- 
clined at about 10’ of arc. Each secondary peak 
in the latter case is associated with a resonance 
position of the reflector with reference to an 
active region on the surface of the source, while 
the relative separation of the secondary peaks is 
indicative of the relative distribution of active 
regions of the source. The peak structure caused 
by nonparallelism is thus dependent upon the 
individual crystal used as well as its particular 
mode of vibration. 

The evaluation of absorption and reflection 
coefficients being dependent upon measurement 
of peak width is thus seen to require a much 
higher degree of parallelism of source and re- 
flector than that necessary for velocity measure- 
ments, since peculiarities of peak structure 
resulting from nonparallelism are repeated with 
only minor progressive changes over a con- 
siderable number of half-wave-length intervals. 
The necessary degree of parallelism is best 
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Fic. 5, The structure of reaction peaks depends greatly 
upon the alignment of the source and reflector, Adjustment 
—- — is critical for maximum height and minimum 

-widt 


attained while the interferometer is in actual 
operation, first by adjustment for decreasing the 
separation between principal and secondary 
peaks, finally by adjustment for absolute maxi- 
mum of peak height. When this is attained the 
peaks have the appearance shown in Fig. 5(a). 
In the opinion of the author, lack of this adjust- 
ment, although only in a minor degree, is the 
most logical explanation of the abnormally high 
values of reflection losses obtained in the larger 
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number of experiments so far recorded. Par- 
ticular attention should in future be given to 
the design of the interferometer with reference 
to the maintenance of this adjustment over 
considerable variations of distance. 

As an extra precaution, increasing the sensi- 
tivity of adjustment for maximum peak height, 
and also increasing the precision of the deter- 
mination of peak width, it is desirable to mount 
the source so as to secure lowest decrement or 
equivalent resistance. By backing the unused 
face of the quartz resonator with a solid plane 
cover placed at approximately an odd quarter 
wave-length, the equivalent minimum resistance 
of the interferometer is considerably reduced, as 
illustrated in Fig. 6. Here, two crevasses are 
plotted for two different boundary conditions: 
(1) odd quarter wave-length backing, and (2) 
open to bell jar covering. The deeper crevasse 
corresponds to the smaller resistance. This pro- 
cedure should be followed in all work with the 
acoustic interferometer for gases, particularly if 
the gas is of high acoustic absorption, as is the 
case with 


CONCLUSION 


The acoustic interferometer has been by far 
the most precise means available for deter- 
mining ultrasonic velocity and absorption in 
gases. Herzfeld’s theory of reflection of sound 
has now made possible the allocation of losses to 
both source and reflector so that excellent agree- 
ment is now obtained between the theoretical 
and experimental values of the reflection coeffi- 
cients. It should be pointed out that nothing in 
this analysis affects the usual procedure in 
deriving values for acoustic velocity ; the revised 
analysis affects the derivation of absorption 
coefficients only to the second order. Since 


dissipative reflection losses at ultrasonic fre- 
quencies are of a higher order of magnitude than 
losses by reflection as ordinarily calculated, the 
reflector may be considered as stationary inso- 
far as it affects the pressure on the source. 
Investigations of the experimental require- 
ments in the design and operation of the inter- 
ferometer have shown not only that a nearly 
piston-like mode of vibration of the source must 
be sought, but that acoustic parallelism, ob- 
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Fic. 6. Characteristic crevasse phenomena of quartz 
resonators. Height of minimum indicates the itude of 
the equivalent resistance. Blocking unwanted acoustic 
radiation by a backing plate on one side at A/4 reduced 
the equivalent resistance from 246 to 138 ohms. 


tained by adjustment while the interferometer is 
in operation for maximum acoustic reaction or 
peak height, must for the evaluation of absorp- 
tion and reflection coefficients be realized to a 
much higher order of precision than that re- 
quired for simple velocity measurements. 

The author wishes to express his appreciation 
to Professor J. C. Hubbard for directing this 
research, to Professor K. F. Herzfeld for use of 
the manuscript of his paper, and to Mr. Lambert 
D. Johnson of Evansville, Indiana, for financial 
support in this work. 
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Previous attempts at constructing a classical field theory of the electron are reviewed and 
it is shown that hitherto it has not been possible to combine the two conditions: gauge-invari- 
ance and freedom from singularities. It is pointed out that this can be done by the introduction 
of new matter functions similar to the wave functions of quantum theory. A simple possibility 
of this type is considered and is found to lead to equations admitting electron-like solutions. 
The electron turns out to have a negative mass (but perhaps this difficulty will disappear when 
the equations are quantized). The theory, although classical, offers in principle a possibility 
of accounting for the Sommerfeld fine-structure constant. There are also solutions correspond- 
ing to excited states of the electron and to heavier particles, including particles with zero 


charge. 


S IS well known, the Maxwell equations of 
classical electrodynamics lead to the de- 
scription of an elementary charged particle as a 
singular point in the electromagnetic field. Such 
a representation (‘‘point-electron’’) is, of course, 
unsatisfactory (1) because it makes the particle 
have infinite self-energy, and (2) because the 
presence of the singularity means that the field 
equations are not valid at the point in question, 
so that it is necessary to have equations of motion 
for the charge in addition to the equations for 
the field. 

In order to overcome these difficulties, Mie! 
proposed a modification of the Maxwell equa- 
tions which would admit a solution for an electron 
as a charge, free from singularities, occupying a 
finite volume. However, there were serious ob- 
jections to this theory and it was abandoned for 
a time. 

When quantum electrodynamics was de- 
veloped, it was found that the equations of the 
new theory, obtained by quantizing the classical 
equations, failed to get rid of the difficulties of 
the older theory in connection with the point- 
electron. It was therefore natural to conclude 
that one ought to try to remove these difficulties 
from the classical theory before going over to the 
quantum theory. This led Born and Infeld? to 
propose a nonlinear system of equations of elec- 


'* Now at Fad Massachusetts Institute of Technology, 


Gd Mis" Anne d. Physik 37, 511 (1912); 39, 1 (1912); 40 


1 (1913). 
2 Born and Infeld, Proc. Soc, Al44, 425 (1934); 


147, 522 (1934); 150, 141 fi9ns), 


trodynamics to replace the Maxwell equations 
The new equations have a solution for the elec- 
tron with the field everywhere finite and with 
finite self-energy. However the field in this case 
still contains a singularity and hence it is still 
necessary to supplement the equations for the 
field with equations of motion for the electron.* 
Efforts at modifying this theory have been only 
partially successful. 

One must therefore conclude that the problem 
of the existence of the electron in the classical 
theory has not yet been satisfactorily solved. In 
the present paper is described another attempt 
at a solution to this problem. 


I. THE EQuaTions OF MAXWELL, MIE, 
AND BORN AND INFELD 


The Maxwell equations can be written in 
tensor notation 


Fe; ,=0, (1) 


where the electromagnetic field tensor F*’ is 
derived from a potential vector ¢,: 


Fy = — (8¢,/8x,) (2) 


and (;) denotes covariant differentiation. 
Equations (1) can be obtained from a varia- 
tional principle. If we define the Lagrangian 


—F,,F*"/8r, (3) 


Frenkel, Proc. Roy. Soc. Lond. A146, 933 (1934); 
‘aon Phys. Rev. 47, 148 (1935). 
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then the condition 
f LA—g)dr=0 (4) 


leads to the Maxwell equations, provided the 
components of the potential are given infinitesi- 
mal variations, arbitrary except for the restric- 
tion that they vanish on the boundary of the 
(four-dimensional) region of integration. 

A characteristic of the Eqs. (1) and the 
Lagrangian (3) is that they depend on the po- 
tential y, only through the field tensor F,, and 
not directly. This has the well-known conse- 
quence that a gauge-transformation, whereby the 
potential ¢, is replaced by 


with \ an arbitrary function of the coordinates, 
does not change the function Ly, or the form of 
Eqs. (1), since the field tensor remains un- 
changed. That is to say, the theory is gauge- 
invariant. 

For deriving other systems of equations in 
place of those of Maxwell, the variational prin- 
ciple provides a convenient starting point. Thus, 
one can choose a scalar function of the field 
variables, L, and by taking as the law for the field 


f L(—g)\dr=0, (6) 


where the potentials are varied as in the case of 
(4), one obtains a set of equations. If the equa- 
tions are written in the form 


Fer; (7) 


the vector s*, depending on the field variables, 
can be considered as the charge-current density 


- vector, in the sense of the Lorentz electron 


theory. If one can find a static spherically- 
symmetric solution of Eqs. (7), free from singu- 
larities, such that the charge is confined to a 
small volume, the solution might be considered 
as representing an electron at rest in the absence 
of an external field. 

The question arises as to what form one is to 
choose for the function L. To agree with experi- 
ment the function L in the case of weak fields 
must go over into the Maxwell function L,. But 


this in itself is, of course, far from sufficient to 
determine the function. 

If L is allowed to depend explicitly on the po- 
tential g, in addition to its dependence on F,,, 
then in general Z and hence the field equations 
must change under a gauge-transformation (5). 
However, it is believed that only the field F,, 
has physical significance and not the potential, 
so that the transformation (5), which does not 
change the field, should not bring about any 
essential changes in the predictions of the theory. 

In Mie's theory of the electron L depends 
directly on ¢,, and the resulting lack of gauge- 
invariance is one of the chief defects of the 
theory. A solution of Mie’s equations for the 
electron might be expected to change if the ex- 
ternal potential were changed by a constant, al- 
though from the physical point of view such a 
change of potential appears to have no sig- 
nificance. A further difficulty in Mie’s theory 
is the lack of a criterion for the choice of the 
Lagrangian L. 

To satisfy the requirement of gauge-invariance, 
Born and Infeld assume from the very beginning 
that L depends only on the field tensor and not 
explicitly on the potential. However, this too has 
its difficulties, as can be seen from the following 
discussion. 

Let us assume that L is a function-only of F,,. 
Then Eq. (4) can be written in the form 


f Db F,,(—g)'dr=0, (4a) 

where D*’ is an antisymmetric tensor defined by 

Dev = —. (8) 


It follows that 


Des 
x, 


2 b¢,(—g)*dr, (9) 


after integrating by parts and discarding the 
(vanishing) surface integral. For the integral (9) 
to vanish with é¢, arbitrary, one must have 


De; ,=0, (10) 


$s 
ns 
ec | 
ith 
ase 
till 
he 
n.* 3 
ily q 
a 
cal 
In 
pt 
in 
1) 
4 
2) 


96 N. ROSEN 


which represents the set of field equations and is 
therefore equivalent to (7). 
In view of the antisymmetry of D*’, one can 
rewrite (10) in the form 
—[D»(—g)']=0, (11) 


that is, as the vanishing of an ordinary di- 
vergence. In the case of a static spherically- 
symmetric solution, expressed in polar coordi- 
nates, this reduces to the single relationship : 


d(r°D,)/dr=0, (12) 


where D, is the radial component of the three- 
dimensional vector D =(D", D®, D*). The solu- 
tion of (12) is 

D,=e/r, (13) 


where ¢ is a constant of integration. If L has been 
chosen so that for weak fields the equations go 
over into those of Maxwell, then by comparing 
(8) and (3) one sees that for large values of r (13) 
goes over into 

E,=e/r’, 


where E, is the radial component of the three- 
dimensional electric field vector E=(F", F®, 
F*). From this it is clear that e in (13) is the 
charge of the electron and therefore cannot be 
put equal to zero. Consequently D, is infinite for 
r=0. If D, is a well-behaved function of E,, as 
defined by Eq. (8), this makes E, infinite for r=0 
and one has a singular point.‘ 

To avoid this difficulty one can try choosing L 
such that D, as a function of Z, becomes infinite 
for some finite value Ey of the latter. In this case, 
at the origin r=0 where D, becomes infinite, £, 
takes on this value Eo, the limiting value of the 
field, and thus remains finite. This is the situa- 
tion in the theory of Born and Infeld. At first 
sight it appears that the singularity has been 
avoided, but a closer inspection shows that the 
vector E has a discontinuity in direction at the 
origin, which is therefore still a singular point. In 
consequence the field equations do not com- 
pletely determine the motion of the electron and 


additional conditions have to be added. 


‘ For the preceding argument I am indebted to Professor 
A. Einstein. 


Hoffmann and Infeld® discuss this difficulty 
and proceed to remedy it. In order to avoid the 
discontinuity in E at the origin it is necessary to 
make E,=0 there; that is, one must choose a 
Lagrangian such that E,=0 for D,= «. But this 
also leads to a difficulty, for at large distances 
from the origin both EZ, and D, must tend to 
zero, and thus we have the situation that D, asa 
function of EZ, must be double-valued : for E, =0, 
D,=0 and D,=«. This means that the La- 
grangian LZ must be a double-valued function of 
the field F,,. That is essentially the case with the 
function proposed by Hoffmann and Infeld. One 
can give it the appearance of single-valuedness 
by writing it as a function of both F,, and D,,, 
but the tensor components D,, cannot be con- 
sidered as independent physical variables since, 
as we have seen from (13), they have singulari- 
ties. In general, a theory with a double-valued 
action function does not seem satisfactory; in 
particular, the derivatives of the latter with 
respect to the field will have a singularity on the 
surface where the two values join. Incidentally, 
Hoffmann and Infeld obtain for E, an even func- 
tion of r in the static spherically-symmetric case, 
and this might also be interpreted to mean that 
there is a singularity at r=0 (in the higher 
derivatives). 

Thus one must conclude that choosing L to 
depend only on F,, as has been done in the more 
recent papers, is unsatisfactory. 


II. Propos—ED LAGRANGIAN 


From the preceding it appears that, in a clas- 
sical field theory of the type considered here, on 
the one hand it is necessary for the Lagrangian 
function to depend explicitly on the potentials to 
avoid singularities, and on the other hand the 
theory ought to be gauge-invariant. The question 
arises as to how one can reconcile these two re- 
quirements with each other. One way of doing 
this that suggests itself is to choose L an explicit 
function of the potentials, but to introduce, in 
addition to the potentials, new variables which 
will make L gauge-invariant. 

A familiar example of this situation is the La- 
grangian function from which the Schrédinger 
wave equation is derived. In this case, the 


* Hoffmann and Infeld, Phys. Rev. 51, 765 (1937). 
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Lagrangian depends on the potential and on the 
wave function. Under a gauge transformation 
both the potential and the wave function trans- 
form in such a way as to leave the Lagrangian 
invariant. 

In accordance with this point of view we take 


where Ly is given by Eq. (3) and describes the 
electromagnetic field, while L,, is a function of 
the potentials and of the new variables (main- 
taining gauge-invariance) and can be considered 
as describing matter. 

The simplest nontrivial possibility is to intro- 
duce as additional variable (in analogy to the 
example mentioned) a scalar function y¥ such 
that when ¢, is transformed according to (5), ¥ 
is transformed to 


=e, (15) 


where ¢ is a (real) constant of the dimensions 
(charge)~'. From and g, one can form two 
simple invariants suitable for use in the varia- 
tional principle * yy* and x*x,*, where 


Xu = /Ix,— (16) 


One can take for L,, a linear combination of 
these scalars with arbitrary numerical coeffi- 
cients. One of the coefficients can be absorbed by 
the function y, so that there is left only one arbi- 
trary constant. The signs of the terms, however, 
cannot be changed by any transformation of y. 
It is therefore necessary to consider all possible 
combinations of signs of the two terms in L,. It 
turns out that of the four possibilities only one 
combination allows ‘‘electron”’ solutions. 

Let us restrict ourselves hereafter to the case 
of special relativity and let us take the metric in 
the form 


ds* = —dx,*—dx,? —dx3?+dx? (17) 


(the unit of time is chosen so that the velocity of 


* There are, of course, other invariants. If we accept 
only terms of the second or lower order of differentiation 
and bilinear in ¥ and ¥* there remains F,,F"’yy*. Since 
this is the product of two invariants already present, it was 
considered as being of a more complicated type and was 
discarded. It could be added with another arbitrary 
constant. 


light is equal to unity). Then the proper linear 
combination for L,, is given by 

Ln = (18) 
where o¢ is a real constant of the dimensions 


(length)~'. The complete Lagrangian is then 
L=—F,,F"/8x— x'x,*+oW", (19) 

where (¢', ¢*, o*) =(Ai, As, As, 

(Fis, Fas, Far, Fis, Fos, Fas) = (As, Fh, He, Ei, Es, Ea). 


If one takes, as the law for the field, Eq. (6) 
where ¢, and y are varied independently, one ob- 
tains the following system of differential equa- 
tions 


xX’: »—teg,x’ +o =0, (20) 
and 
=4rs*, (21) 
with 
s*= hie(y*x*— vx"). (22) 
The connection with the usual notation is given 
by 
(s', s*, #, S)=(j1, ja p), 
so that 
(23) 
2 at ot 


Equation (20) written in terms of ¥ has prac- 
tically the same form as the Gordon-Klein rela- 
tivistic wave equation in quantum mechanics. An 
essential difference, however, is that in the 
Gordon-Klein equation the potentials which 
occur are those of the “‘outer”’ field, i.e., they do 
not include the field due to the charge and current 
determined by y, whereas in the present equation 
the potentials include the latter field as well. The 
result is that here the system of Eqs. (20) and 
(21) is nonlinear in ¥, which therefore may not be 
normalized arbitrarily as is done in wave mechan- 
ics. Furthermore the constants occurring in (20) 
will have values different from the corresponding 
ones in the Gordon-Klein equation. 

The constants ¢ and ¢ in the present case are 
dimensional constants and hence their values can- 
not be predicted from the theory since these 
depend on the system of units used. They must 
be chosen so as to agree with experiment, that is, 
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give the correct values for the charge and mass of 
the electron. One can predict in advance their 
orders of magnitude: 


o~1/a=me/e’, 


where ¢, m, and a are the charge, mass and 
“radius” of the electron, respectively. 

From the Lagrangian L one can calculate the 
energy-impulse density tensor 7T,, by means of 
the relation 


(24) 
One finds 
Tye = (Tye) (Tyr) ms (25) 
where 
(Tr) FP ap —2F (26) 
(27) 


The energy density is given by 744. From (26) 
and (27) one finds, using the values of the metric- 
tensor components in (17), that 


1 
2 
from which it follows that 
(Tu)s20, (Tes)m=0, 


so that the sign of Ty, is not definite. It appears 
that this is closely connected with the existence of 
discrete charges. Thus, one can reverse the sign 
of L,, and in that way make 7, positive definite, 
but one then finds that there are no electron-like 
solutions of the resulting field equations. We shall 
have occasion later on to return to this question. 

The tensor 7,,, on the basis of the field equa- 
tions, satisfies the divergence equation 


aT**/ax,=0. (30) 


From this it follows that if there exists a solution, 
for which the energy is localized in a finite volume 
(or tends rapidly enough to zero at infinity), then 
one can define an energy-impulse vector’ 


Pr= f (31) 


7 Cf. H. Weyl, Raum, Zeit Materie (Berlin, 1923), p. 204. 
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(where the integral is taken over all three-space), 
such that 


dP /dt=0. (32) 
The energy is given by 
W=P'= f T = f (88) 


If one integrates (30) over a finite three-dimen- 
sional volume V bounded by a surface S one gets 


d 
T*\dy= — f 
dt y 8 


where df is a surface element and the index n 
denotes the component in the direction of the 
outward normal to the surface. One can apply 
this to the case of a solution corresponding to a 
particle moving slowly in a weak, slowly-varying, 
external field. One takes the surface S in the form 
of a sphere with center at the particle and radius 
large compared to the particle radius, so that on 
the surface one can neglect (7*”),, and take (T*”), 
corresponding to the external field + the electro- 
magnetic field of the particle (considered as a 
point charge). One can then show that (34) gives 
the equations of motion of the particle corre- 
sponding to the action of the Lorentz force. 


(34) 


III. SPHERICALLY-SYMMETRIC CASE 


We now investigate the spherically-symmetric 
static solution of the field equations. A static 
solution means one in which the electromagnetic 
field, and hence the charge distribution, does not 
change with time. For this it is sufficient for ¥ 


to be of the form: 
v= (35) 


where 6 is a function of (x, y,) and u an arbi- 
trary constant. Furthermore, from the condition 


of spherical symmetry it follows that 
Si=Se=S3=0 sy=p(r), (36a) 


where r is the distance from the origin of co- 


ordinates. One can also take 
¢i=¢2=¢3=0 (36b) 


and, on the basis of (36a), one can assume @ to 
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be real, without loss of generality. One then has 
that 
p= 6. (37) 


With these simplifications the field equations 
(20) and (21) take on the form 
(38) 
(39) 
The boundary conditions for a particle solution 


are 
r=0: 4d6/dr=d¢/dr=0, (40a) 


690, @~const./r. (40b) 


The conditions (40a) are necessary in order that 
there be no discontinuities in the gradients of @ 
and ¢ at the origin. 

It is convenient’ to introduce dimensionless 
variables by means of the substitution 


0=cy/e(4r)}, otu=as/e, r=x/o. (41) 
The equations then become 


d*(xy)/dx* = x(1 —2*)y, (42) 
d?(xz) /dx* = —xy*s. (43) 
If one makes a further change of variables 
xy=n, (41a) 
one gets for the equations 
=(1—$?/x*)n, (44) 
— /x*, (45) 


where primes denote differentiation with respect 
to x. The boundary conditions now become 


n(0) =$(0) =n(@) =0, (46a) 
(5 /x) eu/o(=8). (46b) 


But since u is not known, (46b) is really not a 
condition but an equation which determines yu 
(or 8) after a solution has been found. 

If one has obtained a solution of the field 
equations, corresponding to a particle, the charge 
of the latter e is connected with the constant « 
by the relation 


e=4nr] pr*dr=a/e, (47) 


where 


a= y*sx*dx. (48) 


For the energy density one finds 
1 sdo\? de\? 
Tu=—(=) — 
8x\dr dr 
The total energy is then given by 
Wade 
0 


Integrating by parts and making use of the field 
equations, one obtains 


W= —ow/2é, (49) 
where 
w=ap+y, (50a) 
and 
f (50b) 
0 


IV. ELecrron SOLUTION 


The field equations, in the form (44) and (45), 
for example, can be integrated starting from 
x=0. If one takes =¢(0) =0, the solution is 
determined by the parameters 


n'(0)=y(0)=a, ¢(0)=2(0)=b. (51) 


In order for the solution to have the proper be- 
havior at infinity one must choose suitable 
values for these parameters. It is seen from Eq. 
(44) that, for a solution representing a particle, 
n must fall off exponentially at large distances. 
This will be the case if 2*<1 at infinity, i.e., if 
&’ <1. It can be easily shown that to obtain a 
solution of this type it is necessary to have }’ >1. 
In the region where z*>1, » will have an oscilla- 
tory behavior. P 

If one has found a solution for which 9 has the 
proper behavior at infinity, then it follows from 
Eq. (45) that z or ¢ will also behave properly at 
large distances and one has there 


s~a/x+B, {~at+ Bx. (52) 


This means that, if the value of 8 is not pre- 
scribed, the parameters a and b of (51) have to 
be chosen so as to satisfy the boundary condi- 
tions at infinity for only one function, 9. In gen- 
eral this can be done by choosing one of the 
parameters arbitrarily and then suitably deter- 
mining the other. 
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The simplest solution is one for which both @ 
and @ are without nodes in the finite part of 
space. It is reasonable to expect that this might 
describe the simplest known charged particle, the 
electron (or, if one changes the signs of ¢ and uy, 
the positron). Hence this solution was investi- 
gated in some detail by means of numerical 
integration. 

As has been pointed out, one can obtain solu- 
tions of this type for a finite range of values of 
one of the parameters a and b if one determines 
the other accordingly. In other words there exists 
a one-parameter family of solutions of the node- 
less type. For fixed values of the constants e and 
o these solutions differ from one another with 
respect to charge and energy. The question then 
arises: if this type of solution describes an elec- 
tron, how is one to account for the fact that all 
ordinary electrons have the same charge and 
mass? To be sure, the charge and mass of a single 
isolated particle are conserved; but if several 
particles interact what is to prevent one of them 
from acquiring part of the charge and mass of 
another? 

A possible explanation appears to be that, of 
the family of solutions, there is one solution for 
which the energy is a minimum; and that this 
represents the normal state of the isolated elec- 
tron. Calculations were therefore carried out to 
determine whether there exists a minimum for the 
energy. Several values of a were taken and in each 
case 6 was determined by trial so as to give a solu- 
tion of the desired type. For each solution the 
quantity w was calculated according to (50a). It 
was found that w has a maximum. The position of 
the latter has not been determined very accu- 
rately but is in the neighborhood of a=1.6 
(6=2.19, a=1.91, 6=0.015), where it has the 
value 2.83. 

From (49) it follows that the mass of such an 
electron is negative. This accounts for the stability 
of the electron (since energy would have to be 
added to it in order to explode it), but unfortu- 
nately it is in disagreement with our knowledge 
about the electron. However, it must be borne in 
mind that one is dealing here with a classical 
theory. Before comparing with experiment, one 
must find the quantum generalization. This 
should be of such a form that the equations will 
agree with the Dirac equations for the electron in 
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the approximation in which one neglects the finite 
radius of the electron and considers it as a point 
charge. Now the Dirac equations give essentially 
the same solutions (with a different numbering) 
for a negative as for a positive mass. If one con- 
siders states corresponding to positive energy, 
the Dirac electron with negative mass is indis- 
tinguishable in its behavior from one with its 
mass positive. It may therefore be that in the 
quantum generalization of the present equations 
the difficulty with the sign of the mass will 
disappear. 

In the neighborhood of a=1.6 it is found that 
8, as given by (46b) passes through zero. It may 
be that the minimum of the energy is located at 
the point where 8 = 0. If this is not the case, there 
arises an interesting possibility. In this case the 
electron has both energy and frequency, and 
one can define for the ratio a constant 


h'=|W/v|. (53) 


If one makes use of Eqs. (35), (46b), (47), (49) 
and (50a) and takes the customary unit for time, 
this relation can be written in the form 


a! =2ne*/h'c = | 2a*8/(a8+y) |. 


Calculations of a’ were attempted, but it was 
difficult to obtain any great accuracy. It was 
found that a’=0.04, It may be that it has the 
value 1/137 of the Sommerfeld fine-structure 
constant. Should this turn out to be the case, it 
would mean that there is a much closer relation- 
ship between the quantum theory and the clas- 
sical theory than has hitherto been supposed. 
Even in the classical theory there would be asso- 
ciated with a moving electron something like a 
de Broglie wave. 

It is to be noted that the electron here is simi- 
lar in its structure to the ‘“‘wave packet” electron 
considered during the early period of quantum 
mechanics. However one would expect that the 
mutual interaction between various parts of the 
electron considered here prevents it from spread- 
ing in the course of time (as occurs in wave 
mechanics) at least in the case of weak fields. To 
be sure, in strong fields the present electron will 
flow apart. Thus one sees that even a classical 
theory can explain why electrons, as particles, 
cannot be nuclear constituents. 
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V. SOLUTIONS 


Besides the simple solution already considered 
there are also more complicated solutions. Among 
these are solutions for which @ is of the same form 
as in the previous case whereas z has a number of 
nodes. Such solutions correspond to particles in 
which the charge distribution consists of con- 
centric layers alternating in sign. One would ex- 
pect that a particle of this type, compared with 
the simple particle considered in the previous 
section having the same charge, will have a con- 
siderably greater mass, since the quantity 7, 
which essentially determines the energy, depends 
on 2’ and thus adds for the various layers, whereas 
their charges tend to cancel each other. It may be 
that such solutions are associated with heavy 
particles. In this connection it is worth pointing 
out that among these solutions there will also be 
some for which the net charge of the particle 
vanishes. 

Then there are also solutions for which @ has 
nodes. It may be that these correspond to in- 
ternal excited states of elementary particles 
(heavy electrons ?). 


VI. CoNcLuUsIONS 


In the present paper is suggested a possibility 
for a classical theory of elementary particles. It 


has a shortcoming in that it leads to a negative 
mass for the electron. However it may be that 
this difficulty will be removed in the process of 
going over from the classical to the quantum 
theory. At any rate one has here for the first time 
a theory leading to equations which are gauge- 
invariant and at the same time give solutions 
which are free from singularities, in fact, which 
are analytic functions. 

There appears to be a possibility of deriving 
the Sommerfeld fine-structure constant from the 
theory considered here in spite of the fact that it 
is a classical theory. Should this turn out to be 
an actuality, it would have an important bearing 
on the problem of the foundations of the quantum 
theory. If it is found that the numerical value 
obtained for the constant is not correct, it does 
not necessarily mean that the general idea con- 
sidered here must be abandoned. The particular 
Lagrangian (19), which was used to derive the 
field equations, is only one—the simplest—of a 
number of possibilities. Perhaps some other one 
should have been chosen. 

In conclusion, the writer wishes to express his 
deep indebtedness to Professor A. Einstein for 
many interesting discussions on the subject of 
field theories. He would also like to thank Mr. M. 
Feingold for assistance with the numerical 
calculations. 
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LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may be secured by 
addressing them to this department. Closing dates for this department are, for the first issue of the 
month, the eighteenth of the preceding month, for the second issue, the third of the month. Because of 
the late closing dates for the section no proof can be shown to authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the correspondents. 


Communications should not in general exceed 600 words in length. 


On the Change of Magnetic Properties of the Single 
Crystal of Nickel Due to Temperature 

Recently Williams' has published in this journal the 
results of his observation on the magnetization curve of 
the single crystals of silicon steel. He used samples in the 
form of a hollow parallelogram, the sides of which coincide 
with the principal crystallographic directions. The results 
agree fairly well with those expected by Kondorsky's 
theory* of initial susceptibility of ferromagnetic crystals. 
Now by the same method as that of Williams, we have 
measured the magnetic properties of the single crystal of 
nickel at various temperatures. We prepared a nickel 
single crystal in the form of a hollow parallelogram, the 
sides of which lie in the direction [111]. The description 
of our sample and the main results of observation are 
as follows. 

The dimensions of the sides of the ring are 8.0 by 18.6 
mm and the cross-sectional area of each side is 1.96 X 1.89 
mm?*, The magnetizing coil is wound on each side in one 
layer (the constant of coil, 44m is 289), and the search 
coil of 50 turns is wound on one of its sides. The initial 
magnetizing curve as well as the hysteresis curve are 
measured by the ballistic method; the main results of 
observation are summarized in Fig. 1. In Fig. 1, we can 


find the coercive force H,, residual magnetization 7, and 
the hysteresis loss E in the temperature range from the 
boiling point of nitrogen to the Curie point of nickel. 
For the sake of reference the intensity of magnetization 
Tis produced by the magnetizing field of 15 oersteds is also 
shown in the same figure. Generally speaking, nickel single 
crystal is, with respect to magnetic properties, much 
“harder” than that of iron single crystal. As the figure 
shows, residual magnetism, coercive force and hysteresis 
loss attain each a maximum at 100°C. During the fall of 
temperature those values decrease gradually and the 
coercive force reaches a value 0.7 oersted at the boiling 
point of nitrogen. The existence of such a low value of 
coercive force is very interesting if we remember that the 
coercive force at ordinary temperature is 2.4 oersteds. 

In summary, it is to be concluded that the magnetic 
characters of single crystal of nickel are greatly affected 
by temperature. 


Jatensity of magnetization in gauss 


T. OKAMURA 
T. 

The Research Institute for 

Iron, Steel and Other Metals, 
Téhoku Imperial University, 
Sendai, Japan, 
November 25, 1938. 
'H. J. Williams, Phys. Rev. 52, 747, 1004 (1937). 
my Phys. Rev. 53, 319 (1938). 
Fic. 1. M properties 
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LETTERS TO 


Energy Production in Stars 


In several recent papers,"~* the present author has been 
quoted for investigations on the nuclear reactions re- 
sponsible for the energy production in stars. As the 
publication of this work which was carried out last spring 
has been unduly delayed, it seems worth while to publish 
a short account of the principal results. 

The most important source of stellar energy appears to 
be the reaction cycle: 

C8+H! = N® (a), N¥=C¥+ ¢* (db) 

C¥+H! = N* (c) (1) 

N*“+H! =O" (d), e* (e) 

N“+H! =C"+ Het (/). 
In this cycle, four protons are combined into one a-particle 
(plus two positrons which will be annihilated by two 
electrons). The carbon and nitrogen isotopes serve as 
catalysts for this combination. There are no alternative 
reactions between protons and the nuclei C“C"N"™; with 
N", there is the alternative process 

N'+ 

but this radiative capture may be expected to be about 
10,000 times less probable than the particle reaction (/). 
Thus practically no carbon and nitrogen will be consumed 
and the energy production will continue until all protons 
in the star are used up. At the present rate of energy 
production, the hydrogen content of the sun (35 percent 
by weight‘) would suffice for 3.5 x years. 

The reaction cycle (1) is preferred before all other 
nuclear reactions. Any element lighter than carbon, when 
reacting with protons, is destroyed permanently and will 
not be replaced. E.g., Be® would react in the following way: 

Be*+H! = Lit+ Het 

Li*+H! = Be’ 

Be’ +e 

Li’+H! = 2Het. 
Therefore, even if the star contained an appreciable 
amount of Li, Be or B when it was first formed, these 
elements would have been consumed in the early history of 
the star. This agrees with the extremely low abundance of 
these elements (if any) in the present stars. These con- 
siderations apply also to the heavy hydrogen isotopes H* 
and 

The only abundant and very light elements are H' 
and He‘. Of these, He‘ will not react with protons at all 
because Li*® is unstable, and the reaction between two 
protons, while possible, is rather slow® and will therefore 
be much less important‘ in ordinary stars than the cycle (1). 

Elements heavier than nitrogen may be left out of 
consideration entirely because they will react more slowly 
with protons than carbon and nitrogen, even at tempera- 
tures much higher than those prevailing in stars. For the 
same reason, reactions between a-particles and other 
nuclei are of no importance. 

To test the theory, we have calculated (Table I) the 
energy production in the sun for several nuclear reactions, 
making the following assumptions: 

(1) The temperature at the center of the sun is 210" 
degrees. This value follows from the integration of the 
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Taste I. Energy production in the sun for several nuclear reactions. 


AVERAGE ENERGY 


REACTION Propuction e(erg/g sec.) 

H! +H! =H? +e* +/* 02 

H?+H! 3x10" 

Li’ +H! =2He+ 4x10" 

BY +H! 

BY +H! —3Het 

N“ +H! 3 

O“+H! =F" +/. 


*“+f."" means that the energy production he reactions following 
the ie E.. for the the 
complete chain (1). 


Eddington equations with any reasonable “star model." 
The “point source model” with a convective core which 
is a very good approximation to reality gives 2.0310" 
degrees.’ The same calculation gives 50.2 for the density 
at the center of the sun. The central temperature is prob- 
ably correct to within 10 percent. 

(2) The concentration of hydrogen is assumed to be 35 
percent by weight, that of the other reacting element 10 
percent. In the reaction chain (1), the concentration of N™ 
was assumed to be 10 percent. 

(3) The ratio of the average energy production to the 
production at the center was calculated’ from the tem- 
perature-density dependence of the nuclear reaction 
and the temperature-density distribution in the star. 

It is evident from Table I that only the nitrogen reac- 
tion gives agreement with the observed energy production 
of 2 ergs/g sec. All the reactions with lighter elements 
would give energy productions which are too large by 
many orders of magnitude if they were abundant enough, 
whereas the next heavier element, O"*, already gives more 
than 10,000 times too small a value. In view of the ex- 
tremely strong dependence on the atomic number, the 
agreement of the nitrogen-carbon cycle with observation 
is excellent. 

The nitrogen-carbon reactions also explain correctly 
the dependence of mass on luminosity for main sequence 
stars. In this connection, the strong dependence of the 
reaction rate on temperature (~7™) is important, because 
massive stars have much greater luminosities with only 
slightly higher central temperatures (e.g., Y Cygni has 
T =3.2X10' and «= 1200 ergs/g sec.). 

With the assumed reaction chain, there will be no ap- 
preciable change in the abundance of elements heavier 
than helium during the evolution of the star but only a 
transmutation of hydrogen into helium. This result which 
is more general than the reaction chain (1) is in contrast 
to the commonly accepted “Aufbauhypothese.” 

A detailed account of these investigations will be pub- 
lished soon. 

H. A. Berue 


Cornell University, 
Ithaca, New York, 
December 15, 1938. 


'C. F. v. Weizsaecker, 50, 
| nheimer and R. Serber, Phys. Rev. 54, (1938). 
Phys. ev. Gn pet). 

. gren, . d. k. Naturwies. 16 (1937). 
*H. Bethe and C. Critchfield, Phys. Rev. 54, 248 (1938). 
*Only for ae cool stars (red dwarfs) the H+H 
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’ The aurhor is indebted to Mr. Marshak for these calculations. 
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The Difference in the Absorption of Cosmic Rays in Air and 
Water and the Instability of the Barytron 


Ehmert' and Auger, Ehrenfest, Freon and Fournier* 
have found that the intensity of the cosmic radiation 
depends not only upon the quantity of a given kind of 
matter traversed by the rays, but that it is a function of 
the distribution of that matter as well, the denser matter 
appearing to absorb the rays less. As an interpretation of 
these results Kulenkampf and Euler and Heisenberg’ have 
pointed out that the instability of the barytron, predicted 
by Yukawa,‘ should give rise to a lower intensity when the 
time required for the secondary barytrons produced in the 
upper atmosphere to reach the apparatus is greater. The 
mean life predicted by Yukawa for the barytron at rest is 
to=0.5X10~* sec., and because of the relativity trans- 
formation the stability appears to increase in proportion 
to the energy for energies large compared with the rest 
energy uc*. A recent comparison of the cosmic-ray inten- 
sities and zenith angle distributions at two elevations by 
Ehrenfest and Freon* enabled these authors to compute 
a rest life of the order of 4X 10~* sec., or about ten times 
that predicted by Yukawa. 

W. F. G. Swann has recently had erected at the Bartol 
Laboratory a cylindrical water tower three meters in 
diameter and 8.9 meters deep, with a room beneath for 
experimentation. He has generously placed this at our 
disposal for a similar investigation in which we have had 
the advantage of making all measurements under favorable 
laboratory conditions at a single location. In these experi- 
ments the counting rate of a quadruple coincidence counter 
train of large area but small angular aperture was recorded, 
first when it was directed vertically upwards through the 
8.9 meters of water and the equivalent 10 meters of at- 
mosphere, and then when it was inclined at the zenith angle 
{=sec.~'(1.89) = 58°. Lead plates for eliminating the soft 
component were stacked between counters to a thickness 
of 17 cm and 38 cm, respectively, in two independent ex- 
periments. In both instances the counting rates in the 
inclined position were less than those in the vertical; if 
je and j, designate the respective intensities the experi- 
ments gave 


in 
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it/je=0.60+0.02 with 17 cm lead 
or =0.68+0.02 with 38 cm lead. 


In order to evaluate the mean life of the barytron from 
these data we have used two types of calculation, both of 
which involve assumptions which must be regarded as 
more or less arbitrary in the present state of our knowledge, 
Barytrons incident at zenith angle ¢ are assumed to have 
originated as secondaries at an atmospheric depth 
h=fH cos { where H is the depth of the homogeneous 
atmosphere (=8 X 10° cm) and f is a fraction of the order 
of 1/10; the actual height above sea level, corresponding 
to this depth, is x= H log (sec. ¢/f). The mean life of bary- 
trons of energy «uc is roe, and if a ray loses energy by ion- 
ization at the constant rate iuc* per cm in normal air, the 
probability of a ray of initial energy «uc* reaching sea level 
without disintegrating is given by 
P(e, §)=exp —([(H sec. 

X log (¢/ifH —1)/(e/tH sec. (1) 


In the first calculation we let j(¢)de represent the number 
of barytrons per cm* per sec. per unit solid angle whose 
initial energies lie between euc*t and (e+de)uc*, a function 
which may be supposed independent of the direction, so 
that the number of rays of these initial energies which 
reach sea level in the vertical direction is j(e)P(«, 0). The 
experiments of Ehmert' and Wilson* show the latter 
function to be of the form A /(e—iH(1—f))” where 2<y <3. 
If auc* is the energy required to penetrate the lead shield, 
the intensity in the vertical direction under 8.9 meters of 
water and the atmosphere may be expressed by 


=A/(y—1)(a+0.8%H)™, (2) 
whereas that in the inclined position is given by 
°HOP le, de. (3) 
tH (see. 


We have chosen as a value of the rest mass of the barytron 
one-tenth of the proton mass, and with the rate of loss of 
energy by ionization proportional to the inverse square of 
the velocity we find a=3.6 for 17 cm lead, 6.4 for 38 cm 
lead, and iH = 20. The values of j;/j, calculated for various 
values of ro, for the cases where f=0.1 and 0.5 and y=2 
and 3, are shown in Fig. 1. Agreement with our measured 
values occurs for values of r> between 2 and 4X 10~* sec. 
The second calculation is concerned with the disin- 
tegrations of rays whose energies lie within the narrow 
band of energies which penetrate the 17-cm lead absorber, 
but fail to pass through the 38-cm shield; this calculation 
is independent of the energy distribution and applies to 
only those rays whose initial energy is given by 
=4H(1.89—f) +a, 
where & is the average of the minimum energies for pene- 
tration of the two thicknesses of lead. In this calculation 
to is obtained from the equation 
_ 38) 


= P(e, 0)/P(e, 4 
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The order of runs in these experiments was not arranged 
to give an accurate value of 9, but we can give 7 =0.40 as 
a preliminary value from which we calculate r>=2.6 
10~* sec. with f=1/10 or =2.4X10~* sec. with f=0.5. 
The result is insensitive to the choice of f. 

We wish to acknowledge helpful discussions with Dr. 
C. G. Montgomery and to state that the Carnegie Insti- 
tution of Washington contributed to the support of the 
experiments. 

.THomas H. JoHnson 
MarTIN A. PoMERANTZ 


The Bartol Research Foundation of the Franklin Institute, 
Philadelphia, Pennsylvania, 
December 8, 1938. 
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? P. Auger, P. Ehrenfest, A. Freon and A. Fournier, Comptes rendus 
204, 257 (1937). 

*H. Euler and W. fei Ergeb. d. Exakt. Naturwiss. (1938). 

‘H. Yukawa, s.-Math. Soc. SS 17, 48 (1935); See also 
H. . Bhabha, Nature 141. 17 (1938). 

. Ehrenfest and A. Freon, C omptes rendus 207, 853 (1938). 
° V. Wilson, Phys. Rev. 53, 337 (1938). 


Ferromagnetism of Semi-Conductors 


A theory of ferromagnetism of semi-conductors has been 
proposed on the basis of Wilson’s model of semi-conductors' 
and Slater’s model of ferromagnetic substances* in which 
ferromagnetism appears in crystals having very large 
exchange integrals. 

The outline of our theory is as follows: We assume that 
in semi-conductors there are two near energy bands, and 
at absolute zero temperature the lower band in which a 
very large exchange integral exists between two electrons 
is entirely filled up, while the higher band in which the 
exchange integral is small is entirely empty. 

In a suitable temperature range several electrons are 
excited to the higher band, and thereby make positive 
holes in the lower band. Then ferromagnetism can appear. 

The number of positive holes 2m at 7°K is 


2n=2¢:(T)» exp (—AB/2kT), 


where ¢;(7) is a function related with the shape of the 
lower (magnetic) band, » is the total number of ferro- 
magnetic atoms in the crystal, and AB is the width of the 
forbidden region. 

Then the magnetic moment M, of one mole of the crys- 
tal is given by the following formulae: 


M,= M,, exp (—AB/2kT) tanh (a+ M,6/M,.T), 
a=pH/kT, 
6= 
where L is the number of atoms of one mole, & the Boltz- 
mann's constant, J the exchange integral in the free atom, 
H the magnetic field, « the Bohr magneton and T the 
temperature on absolute scale. 

If we assume ¢;(7) is a constant }, and the magnetic 
field is weak, we can calculate M, numerically as the func- 
tion of absolute temperature for the different values of 
, where y = 44B/Jb. 

Ferromagnetism can not appear in every temperature 
when y>1/e. 
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1000 


0.200 


The results are different from those calculated by the 
ordinary Weiss-Heisenberg theory. 

Our results are illustrated in Fig. 1. It is specially inter- 
esting to note that at very low temperature ferromagnetism 
vanishes. 

This result will be useful for the interpretation of ex- 
perimental facts on magnetite,’ pyrrhotite and chromium 
sulphide.’ Further experiment which is necessary for the 
verification of our theory is now in progress. 

The detailed account of the above theory will be pub- 
lished at a later date. 


SyOwe1 MIYAHARA 
The Research Institute for 
Iron, Steel and Other Metals, 
Téhoku Imperial University, 
Sendai, Japan, 
November 25, 1938. 


! Wilson, Proc. Roy. Soc., Landon A888.450 (2900); 134, 277 (1931). 
? Slater, Phys. $37 49, 931 (19 
* Weiss and Forrer, Ann 12, 279 1928); Okamura, Sci. 
Rep. Téhoku Imp. Univ. 21, 231 rosa). 
* Ziegler, — Zurich, 1915. 
om" = Neuber, Zeits. f. anorg. allgem. Chemie 234, 337 


Mesotron as the Name of the New Particle 


After reading Professor Bohr’s address at the British 
Association last September in which he tentatively sug- 
gested the name “‘yucon” for the newly discovered particle, 
I wrote to him incidently mentioning the fact than Ander- 
son and Neddermeyer had suggested the name “mesotron”’ 
(intermediate particle) as the most appropriate name. 
I have just received Bohr’s reply to this letter in which 
he says: 

“I take pleasure in telling you that every one at a 
small conference on cosmic-ray problems, including Auger, 
Blackett, Fermi, Heisenberg, and Rossi, which we have 
just held in Copenhagen, was in complete agreement with 
Anderson's proposal of the name ‘mesotron’ for the pene- 
trating cosmic-ray particles.” 

Ropert A. MILLIKAN 

California of Technology, 

December 7, 1938. 


105 
| 
0.800 
ae 
| 
0400 
(i, 
| Fic. 1. Ferromagnetism of semi-conductors. . 
q 


106 LETTERS TO 


A New Determination of the Binding Energy 
of the Deuteron 


A recent experiment on the distintegration of deuterium 
by the 2.623 Mev y-radiation from the decay of Th C”, has 
yielded 2.17, Mev as the binding energy of the deuteron. 
This is in excellent agreement with the value 2.17 calcu- 
lated by Bethe' from the data of Chadwick, Feather, and 
Bretscher,? and with the value 2.18 obtained by J. R. 
Richardson and Emo.’ In this experiment the product 
protons’ tracks were observed (with a stereoscopic camera) 
in a low pressure (12 cm Hg) cloud chamber filled with H*, 
and H*,O vapor, in a magnetic field of 3762 gauss. From 
this magnetic field strength and from the radii of average 
curvature of the tracks, the protons’ energies were cal- 
culated. 

A complete account of this experiment is in the process 
of preparation. 

F. T. RoGers, Jr., 
MARGUERITE M. ROGERS 


The Rice a 
Houston, T 
10. 1938. 


H. Bethe, Phys. Rev. 53, 313 (1938). 
. Chadwick, N. Feather, and E. Bretscher, Proc. Roy. Soc. A163, 
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2 
366 (1938). 
sy. R. and L. Emo, Phys. Rev. 53, 234 (1938). 


The Neutron-Proton Scattering Cross Section* 


The scattering of thermal neutrons in paraffin has been 
extensively investigated.' The results of such experiments, 
however, do not yield directly the cross section for the 
scattering of slow neutrons by free protons, for, as Fermi 
has indicated,* the protons in the paraffin may be con- 
sidered free only if the neutron energy, E, is large com- 
pared with hy, the energy of the lowest vibrational level 
of the paraffin molecule. Since this condition is not realized 
for thermal neutrons (E~0.026 ev; hv~0.3 ev) the free 
proton cross section may be inferred from the thermal 
neutron cross section only by means of a theoretical cal- 
culation of the effect of chemical binding. In view of the 
inaccuracies necessarily attendant upon this calculation, 
a direct measurement of the neutron-proton scattering 
cross section, a quantity of great importance in the inves- 
tigation of nuclear forces, seems highly desirable. 

The existence of resonance levels in the region of 1 — 10 ev 
affords a convenient method of employing neutrons which 
satisfy the condition E >>hv. An ideal experiment on the 
scattering of resonance neutrons would be one which 
utilizes an initial beam homogeneous in energy, and a 
detector sensitive only to neutrons of that energy. The 
fact that a neutron upon suffering a collision in the hydrog- 
enous scatterer would undergo an energy loss and escape 
detection obviates the necessity of correcting for scattering 
into the detector. In practice this homogeneous beam may 
be approximately realized by utilizing those neutrons which 
are strongly absorbed in a resonance filter, thus introduc- 
ing an energy in homogeneity of the order of the resonance 
width. That contribution to the activity of a detector of 
the same material which arises from scattered neutrons 
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will then be limited to those which have been deviated 
through such small angles that the associated energy loss 
is insufficient to remove them from the resonance region. 

An experiment of the above type has been performed 
with filter and detector films of Rh of 0.1 g/cm*. As a 
source of neutrons we used a Rn-Be bulb of 600-300 mC 
in a cylinder of paraffin. A boron carbide diaphragm with 
an aperture 5 cm in diameter served to define the effective 
source of the neutron beam. Both source and detector were 
shielded with Cd to elimipate any effect of thermal neu- 
trons. The detector, 45 cm? in area, was placed 30 cm from 
the source with the detector placed midway between source 
and detector. Each detector consisted of four rectangles of 
nickel sheet coated with Rh powder mixed with a small 
amount of Zapon lacquer as a binder. The four segments 
were jointed so that irradiations could be made with the 
detector spread out, while the activity could be measured 
with the detector folded so as to enclose a Geiger-Mueller 
counter. 

From our data we conclude the mean free path of Rh 
resonance neutrons in paraffin to be 0.56 cm. This cor- 
responds to a cross section of 20 10™™ cm*, if we take the 
value of the carbon cross section’ to be 4.8 10™™ cm?, 
The probable error as calculated from the data is about 
five percent. However, in view of the approximations made 
in correcting the transmissions for scattering into the 
detector, we consider the above result to be good to about 
ten percent. 

The experiments on the neutron scattering in ortho- and 
parahydrogen‘ permit an independent determination of 
the neutron-proton scattering cross section which is in 
substantial agreement with the value obtained in these 
measurements. 

Since the scattering cross section obtained by direct 
measurement is considerably larger than the value of 
14X10™™ cm?* deduced from the thermal neutron cross 
section,’ nuclear quantities calculated from the singlet 
scattering cross section will be altered appreciably. Two 
instances are: the increase in the magnitude of the singlet 
neutron-proton interaction, thereby affecting the com- 
parison with the singlet proton-proton interaction; and, 
numerically more significant, the effect on the calculated 
cross section for slow neutron capture by protons, which 
increases approximately in the same ratio as the scattering 
cross section. A more detailed discussion of these experi- 
ments and their consequences will be presented in a 
forthcoming publication. 

Victor W. CoHEeN 
H. H. 


JuLIAN SCHWINGER 
Columbia University, 
New York, New York, 
December 2, 1938. 
A, assisted by the Ernest Kempton Adams Fund for 
1M. Goldhaber and G. H. Proc. Roy. Soc. 162, 127 (1937); 
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H. Carroll and J. Dunning, Phys. Rev. 54, 541 (1938). 
Porm. Bie. Proc. Roy. Soc. 162, 127 (1937); J. 
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Whittaker and O. Beyer, 
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The Resonance Absorption of Slow Neutrons in Indium* 


It is known that In'* exhibits a strong absorption for 
neutrons of about two ev energy giving rise to two f-active 
periods of 13 sec. and 54 min. In order to investigate the 
nature of the level responsible for this absorption we have 
determined the self-absorption curve for thicknesses of 
indium up to 1.3 g/cm* using the 54-min. activity of a thin 
(0.08 g/cm*) indium foil indicator. 

Before it is possible to determine the neutron absorption 
coefficient at resonance (neo/p cm*/g) from such a curve, 
it is necessary to know the 8-ray absorption of the indi- 
cator. We have observed the electronic absorption curve 
for this case to be exponential over the detector thickness 
used. The coefficient is 20 cm*/g. With this value and 
the same type of analysis as applied to rhodium,’ the 
neutron absorption curve has been calculated for various 
values of noo/p. We find that any value noo/p~ 100 cm*/g 
gives a satisfactory fit. This indicates a cross section 
20,000 X cm?. 

From the results it is evident that present data do not 
provide enough sensitivity for determining a unique value 
of ao; hence the neutron and radiation widths cannot be 
determined. Additional observations and calculations are 


now in progress. 


J. H. Maney 
Depart of Physics. 
of Illinois, 
Urbana, Illinois. 
H. H. 
JULIAN SCHWINGER 
ment of Physics, 


jumbia University, 
New York, New York, 
December 5, 1938. 
* Publication assisted by the Ernest Kempton Adams Fund for 


Physical Research of Columbia University. 
1J. H. Manley, H. H. Goldemith and J. Schwinger, in this issue. 


A Precise Measurement of the Mass Difference ,Be’ — Be’; 
The Stability of ,Be* 

The energy of the deuterons from the reaction 
«Be*(p,d),Be* has been measured with the electrostatic 
analyzer previously described.' Our most reliable curves 
have been taken at proton energies of 258 and 262 Kev; 
A and C of Fig. 1 are curves of this type. C shows the 
alpha-particle limit at 1.412 Mev from the concomitant 
reaction ,Be*(p,a);Li* and the surprisingly sharp deuteron 
limit at 0.628 Mev. Curve A is a separate investigation 
of the immediate region around the deuteron limit. The 
results of three determinations of the upper limit of the 
deuteron energy (thick target) shows that Q,; for the 
deuteron reaction is 0.557 Mev. 

Curve B, at 351 Kev, shows both limits close together. 
X shows the expected location of the deuteron limit 
obtained by conservation of energy and momentum from 
the limit as it appears at 262 Kev in curve C. The shift 
of the limits identifies the upper one as representing the 
alpha-particles; that of the lower limit agrees with the 
assumption of deuterons. The hump at the low energy 
end of B represents scattered protons from the target. 
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Fic. 1. The particles from a thick 


Using D = 2.01473+2 and H = 1.00813 +2 after Livings- 
ton and Bethe,? we obtain 


— ,Be* = ,D*— ,H'+Q, = 1.00720 40,00003. 


From their neutron mass, 1.00897 +6, the binding energy 
of the odd neutron in ,Be* is 1.65+0.05 Mev, which should 
be the threshold for photodisintegration of ,Be’. 

The stability of .~Be* may now be expressed entirely in 
terms of measured reaction energies and the mass spectro- 
scopic value of the difference 


2,H*— = K = 0.02561 +0.00004.* 


Using the values Q; of «Be*(d,a),Li’ and Q; of sLi’(p,a)sHe* 
which have been measured with an accuracy comparable 
to our work, we obtain 


«Be* — 2,He* = + Q:— — K = 0.00033 +0.00006 


with Q:=6.95 Mev,‘ Q,;=17.13 Mev.* Thus ,Be* is stable 
with respect to two alpha-particles by 0.3140.06 Mev. 
The fact that the deuteron limit is sharp in our curves 
shows that the deuteron in this reaction recoils from a 
single nucleus of ,Be'*. 

Using the above Q values in connection with the atomic 
weights of hydrogen, deuterium, and helium, and Q, of 
«Be*(p,a)sLi* as 2.152 +0.04 Mev,' we can write 


«Be* = 0,+0:—0;— K +2,Het = 8.00739 
«Be* = ,D*+3,Het— ,H' = 9.01459 
aLi* = Q:+Q:— +2:Het— ,D* =6.01655. 


A more detailed report of our experiments will be 
submitted to the Physical Review in the near future. 
Samuet K. ALLIson 
Evizapeta R. Graves 
Lester S. SKAGGs 
M. Smitn, Jr. 


November 30, 1938. 
1S. K. Allison, L. S. Skaggs and N. M. Smith, Phys. Rev. 54, 171 


(1938). 
2M. L. Livingston . Bethe, Rev. Mod. Phys. 9, 246 (1937). 


. H. Williams, R. O. Haxby, and 
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Oliphant, A. E. Kem 
Roy. Soc. 149, 406 (1935) corrected 
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On the Resonance Levels for Neutron Capture of Iodine 
and Indium 


To explain discrepancies in the width of the iodine 
resonance level for neutron capture, Bethe' suggested that 
the level might be multiple. To investigate the situation 
more thoroughly, we have performed experiments following 
the procedure of Preiswerk and von Halban.* Instead of 
paraffin, however, carbon, iron and lead were used as 
slowing materials. Since the average fractional energy 
loss for neutrons colliding with a heavy atom of atomic 
weight A is approximately 2/A, the resolving power is 
much increased. 

In Figs. 1 and 2 the apparent transmissions are plotted 
against the thickness of slowing substances interposed 
between absorber and detector. The conditions under which 
the various curves were obtained are indicated in the 
figures. The iodine detectors contained 0.04 g/cm? I, the 
absorbers 0.077 g/cm* I (curves a) and 0.16 g/cm* I 
(curves b). 

In general, the iodine curves show a gradual rise upon 
which, in the case of carbon and iron, several minima are 
superimposed. The rise is caused by the slowing of neutrons 
of slightly more than resonance energy into the resonance 
region. Minima occur at those thicknesses which slow down 
neutrons of one resonance level into the region of a lower 
level. 

To make certain that the minima are not caused by 
accidental effects, experiments were performed under 
conditions identical with the ones of Fig. la, except that 
the iodine absorbers and detectors were replaced by 
0.008 g/cm? of indium. The curve, Fig. 1c, so obtained, 
is smooth, 

To evaluate the results, the average number N of 
collisions made by a neutron was computed from the 
known scattering coefficients,’ the fractional energy loss 
being taken as (1—2/A)%. For thin layers, N=1, this 
approximation is invalid, and the appropriate energy loss 
was obtained from the energy distribution of the slowed 
neutrons. 

It is found that the spacings corresponding to the first 
two carbon minima and the last two iron minima are 
equal. The relative spacings AE/E (AE the spacing, E the 
average resonance energy) are approximately: 0.05, 0.09, 
0.15, 0.26, 0.34, and 0.46. The maximum value of AE/E 
obtained with lead is 0.04. These six minima can be 
explained by assuming at least four levels for iodine. 

From the initial slope of the curves, the average width 
of the levels can be estimated. If the half-width I of the 
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Fie. 1. A nt transmission as a function of thickness 
of ng substance between absorber and detector. 
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Lead 
iron 


Fic. 2. A nt transmission as a function of thickness of 
substance between absorber and detector. 


level is not <2E/A, some of the neutrons, slowed into 
the resonance region (thus causing the rising curve), are 
absorbed, so that the flattening of the absorption band 
requires a greater thickness of slowing material. Values for 
the average width of the levels have been computed from 
the theoretical expression for the shape of a resonance 
level, the energy distribution after one or two collisions, 
and the absorption due to the flattened level. Because of 
large geometrical corrections, the result is not too reliable. 

The curve, Fig. 1a, is in agreement with the assumption 
l'/E2/A. From Fig. 2a an upper limit '/E<0.012 was 
found. Fig. 2c gives '/E =0.005 +0.002. 

This value may be compared with an average width 
obtained from the absorption coefficients (K res = 5 cm*/g 
for iodine‘), namely, T/E=0.008 for E=140 ev,':* or 
0.012 for E=30 ev.*: * We have compared the activabilities 
of iodine and of rhodium, finding for iodine = 0.0045 or 
0.011, using for rhodium! ['/E =0.054 or 0.13, respectively. 

Measurements of self-absorption of iodine at room and 
at liquid-air temperatures showed no evidence of Doppler 
broadening, giving T/E>0.003. 

From Fig. ic, the relative width T/E=0.1+0.05 is 
found for indium. From the absorption coefficients, 
r/E=0.08. In separate experiments, we measured the 
coefficient for self-absorption of indium as 50+10 cm*/g. 

Fuller details and additional data will appear shortly. 
The authors wish to express their gratitude to Professor 
E. O. Salant for his helpful support and steady interest in 
the work. 

New York University, 

Washington Square College, 


New York, New York, 
December 3, 1938. 


J. 
F. A. VALENTE 


1H. A. Bethe, Rev. Mod. Phys. 9, 134-147 (1937). 

2H. v. Halban, P. Preiswerk, J. de phys. et rad. 8, 29 (1937). 

3M. Goldhaber, G. H. Briggs, Proc. Roy. Soc. 162, 127 (1937). 
A. C. G. Mitchell et al., Phys. Rev. 50, 133 (1936); 52, 283 (ee) 

0. Frisch, Kgl. Danske Vidensk. Selskab. Math. Phys. Medd. 14, 


12 (1937). 
i H. Goldsmith, F. Rasetti, Phys. Rev. 50, 328 (1936). 
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The Scattering of the D—D Neutrons 


Recently, we measured the atomic scattering cross 
section of 21 elements for D—D neutrons,' and found that 
it varies in a complicated manner with the atomic number. 
In the new series of experiments we extended the measure- 
ment to 37 elements. The high accuracy could now be 
obtained by measuring the neutron intensity by means of 
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an ionization chamber filled with methane at 20 atmos- 
pheres pressure connected to a quadrant electrometer. The 
jonization current was usually about 10* times the natural 
leakage current. The ionization chamber was of cylindrical 
form 8 cm in effective length and 6 cm in effective diameter. 
The absorbers were mostly of cylindrical form 6 cm in 
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Scattering Cross Section in 10% cm? 


Atomic Number 


Fic. 1. Scattering cross section for D —D neutrons for 
elements of low atomic number. 


diameter. The distance of the center of the chamber from 
the deuterium target was 40 cm, where the wall effect was 
about 10 percent of the total ionization current. The 
accelerating voltage was about 300 kv and the neutrons 
emitted at right angle to the deuteron beam were used. 
The energy of the neutron is therefore 2.4 Mev. The results 
for the elements of low atomic number are shown in Fig. 1. 
As will be seen the cross section is by no means a monotonic 
increasing function of the atomic number. It is an interest- 
ing problem to study, if the points are distributed quite 
irregularly or if they lie along a certain smooth curve. 
Though it is difficult to draw a definite conclusion, it will 
be interesting to note that, if we exclude a few elements, 
the points seem to lie along a smooth curve indicated in 
the figure by a dotted line. A similar trend is seen even in 
the region of high atomic number. 

The results seem to be very important in connection with 
the theory of interaction of the neutron with the atomic 
nucleus. The discussions will be given later when the 
experiments with neutron source of different energy 
spectrum, now going on, will be finished. 

Kixucai 


Hrroo 
Osaka Imperial University, 
Osaka, Japan, 
November 15, 1938. 


'Seishi Kikuchi and Hiroo Aoki, Scientific Papers of I. P..C. R. 34, 
864 (1938) 
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A New Periodic Orbit in the Field of a Magnetic Dipole 


In his classical paper on periodic orbits in the field of a 
mag netic dipole, Stérmer' has exhibited examples of the 
following types of periodic orbits: 

(a) Orbits intersecting the equator at right angles and 
reaching the boundary of the forbidden region Q=0. To 
this type belong the principal periodic orbits studied by 
Lemaitre and Vallarta and by Lemaitre, which play a 
fundamental role in the theory of cosmic rays. 

(b) Orbits intersecting the equator at right angles more 
than once and not reaching the boundary Q=0. 

(c) Orbits not intersecting the equator at right angles 
and reaching the boundary Q=0. 

It does not appear that among the known xamples of 
type c an orbit has ever been found having one or more 
loops. In the course of an investigation of reentrant 
orbits,* carried out in the spring of 1937 by means of 
Bush's differential analyzer,* the writer accidentally 
discovered an example of such an orbit. This is exhibited 
in Fig. 1. 
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In the xA-plane‘ the coordinates of the two points of 
reversal of this interesting orbit, as given directly by 
Bush’s machine, are: x=—0.547, \=0.608; x=0.041, 
A=0.510. The intersections with the equator are at 
x=—0.103 and x=0.167, and the corresponding angles 
—72.5° and —75.0°. The equatorial inclinations are thus 
seen to be nearly equal. 

R. ALBAGLI HuTNER 


Massachusetts Institute of Technology, 
Cambeidge Massachusetts, 
December 5, 1938. 


+ Stérmer, Zeits. {. Astrophys. 1, 237 (1930). 

2 E. J. Schremp, Phys. Rev. 54, 153 (1938). 

lush, J. Frank. "ine. 212, 447 (1931). 

‘For the necessary definitions see, for instance, G. Lemaitre and 
M. S. Vallarta, Phys. Rev. 49, 719 (1936). 
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The Dellinger Phenomenon 

In his review! of the problem of sudden disturbances of 
the ionosphere, J. H. Dellinger suggests that the source of 
the sudden ionization changes must be of a character dis- 
tinct from the source of ionization in the E, F, and F; 
layers since the disturbance has to come through these 
layers. The level at which the effect is produced is one 
where the density is great enough to insure numerous 
collisions of moving ions and rapid recombination of the 
ions, Recent observations of the new high pressure nitrogen 
afterglow, in which the *P—‘S nitrogen line and the 
Vegard-Kaplan bands are very strong, have shown the 
presence in the spectrum of the afterglow of the Gold- 
stein-Kaplan bands and of a number of new bands, the 
most prominent of which is at 3246A. Weaker than the 
other features of the afterglow spectrum, but definitely 
present, are the first-negative or auroral bands of N,*. An 
examination of some old high pressure discharge spectra 
in pure nitrogen shows the N,* bands, the Goldstein- 
Kaplan bands, and the new 3246 bands, thus clearly 
pointing to this combination of band spectra as having 
some physical connection. By varying the magnitude of 
the current in the exciting discharge in the high pressure 
afterglow experiment, it has been possible to show defi- 
nitely that with increasing current these three “‘connected” 
features decreased together as the current increases. One 
possible explanation of this interesting observation is that 
the Goldstein-Kaplan system and the new 3246 system are 
produced by the recombination of nitrogen molecule 
ions or at least are closely connected with the behavior of 
these ions. 

The connection between the above observations and the 
Dellinger phenomenon is that we have here a laboratory 
observation of the type of radiation that occurs when 
nitrogen molecule ions are produced at high pressure. 
Since this is exactly the sort of phenomenon that Dellinger 
postulated as the cause of the sudden disturbance, it 
suggests that the radiation associated with it should be 
studied for the purpose of understanding the mechanism 
and hence the cause of this phenomenon more clearly. 
These experiments are now under way in the writer's 
laboratory. 


of Caliornia at Low Angee 


1J. H. Dellinger, J. App. Phys. 8, 732 (1937). 
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Radioactive Isotopes of Element 43 


In 4 previous paper' we have reported the results of 
activity measurements of a molybdenum target which 
had been bombarded with deuterons of the Berkeley 
cyclotron. It has been shown that the activity must be 
ascribed to radioactive isotopes of element 43? and it is 
mainly owing to low energy electrons; a component of 
the radiation was found to be due to electrons having a 
half-value thickness of about 1.4 mg/cm? Al absorber and 
a half-value period of 90 days. Besides it was observed 
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that there were also some other components of higher 
energy but it was rather difficult to identify them on 
account of the small activity of our sample. 

With a new molybdenum target which has been bom- 
barded in the cyclotron and kindly sent to Palermo by 
Professor E. O. Lawrence, it has been also possible to 
study the harder y-components of the radiation emitted 
by element 43. The measurements here reported started 
at the beginning of January, 1938 and extended over a 
period of 9 months. The activity was measured with an 
ionization chamber closed by 2 Al foils of 0.001 mm 
thickness for the measurements of the decay constants, 
and with a Geiger-Miiller counter tube for the absorption 
measurements and for magnetic deflection experiments. 
It is found that the radiation emitted by the Mo sample 
has a y-component with a half-value period of 62 days 
and a half-value thickness of about 2.5 g/cm? Al. Further- 
more the absorption curves in Al of the total radiation 
taken at different times show that there is some other 
component of radiation on which at present it is not 
possible to give any sure information. Absorption curves 
in Al were taken for nine months at different times, and 
corresponding to each thickness of Al absorber a decay 
curve was drawn. All these decay curves are apparently 
exponentials although really resulting from the composition 
of two or more exponentials. In Fig. 1 the values of the 
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Fic. 1. Half-value period of the radiation emitted by element 43 as a 
function of the Al absorbing thickness. 


total radiation half-lives are plotted as a function of the 
Al absorbing thickness. It is then seen that at the beginning 
of the curve, where the strong soft electron component of 
the radiation is predominant, the half-value period is 90 
days, while at about 12 mg/cm* and for all the greater 
absorbing thicknesses measured (up to 600 mg/cm? Al) 
the half-value period has the constant value of 62 days. 

We thank Professor E. O. Lawrence for the gift of the 
active molybdenum and Professor E. Segré for his interest 
in this work. 
B. N. CacctaPuoti 

University, 
December 14, 1938. 

Rev. 52, 1253 (1937). 
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Comment on a Paper by W. E. Bowls, “Second Townsend 
Coefficient” 


The discussion of the possible ionization of mercury by 
metastable nitrogen molecules calls for some comment 
even at this late date. Unfortunately, my attention was 
attracted to this paper’ only recently, and yet I feel that 
these remarks may help others in future considerations 
involving metastable nitrogen molecules. 

The energy of the metastable A*Z level of nitrogen has 
now been definitely established at 6.14 volts, and the com- 
monly quoted 8.2-volt value should not be used. The value 
of 9.77 volts, as given by Saha and Mathur, is undoubtedly 
their value for the energy that can be transferred by active 
nitrogen. Now the fact that the energy of the metastable 
state is less than the 10.39 volts required for the ionization 
of mercury should not deter anyone from supposing that 
active nitrogen can ionize mercury vapor. The 10.4- and 
the 9.77-volt values for the energy that can be transferred 
in active nitrogen are obtained from experiments on the 
Lewis-Rayleigh afterglow, and it is now well established 
that strong afterglows possessing auroral and night-sky 
spectra can be produced. At the present time the writer is 
observing a high pressure afterglow of quite long duraticn 
which is bluish-white in color because of the N,* and 
second positive bands in the blue-violet and blue-green. 
The energy required for the excitation of the auroral N,* 
bands is 18.65 volts for the zero vibrational level and a 
little higher than this for the higher vibrational levels. It is 
safe to say therefore that the energy transferred in the 
auroral afterglow is greater than 19 volts, i.e., almost 
twice the ionization potential of mercury. 

It seems proper to remark that the 15.50-volt value for 
the ionization potential of Nz has now been obtained by 
Worley and Jenkins, and this value should be used instead 
of the 16.7-volt value quoted by Bowls. 


Josern KAPLAN 
University of California at Los Angeles, 
Los Angeles, California, 
December 7, 1938. 


iw. E. Bowls, Phys. Rev. 53, 298 (1938). 
Phys. "Rev. 3 54, 176 (1938). 
E. Worley and F. A. Jenkins, Phys. Rev. 54, 305 (1938). 


Elastic Scattering of Fast -Particles by Atomic Nuclei 


In continuation of previous work,' the elastic scattering 
of 8-particles in the energy range 0.7-1.2 Mev by iodine 
nuclei has been examined with a cloud chamber. The pre- 
liminary results show that the scattering is from one-half 
to one-third of that predicted by Mott's theory. Our col- 
lected data are given in the following Table I. 


Taste I. of Ge cathe of the Be 
scattering in the angular range 20° to 180° for B-particles 
im ihe energy range 0.7 to 1.2 Mev. 


ELEMENT Atomic NumBer Z R 
N 7 1.1 
I 53 2.5 
Hg 80 70 
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We have not been able to account for the results by a 
straightforward modification of the potential field and it 
seems unlikely that any smal! adjustment of existing theory 
will explain the discrepancy. It is possible that the 
anomalous elastic scattering process is closely connected 
with the processes of inelastic scattering and pair pro- 
duction, both of which are anomalous. Since the problem 
may also be closely connected with 8-disintegration, it may 
well be one of nuclear type in which the motion of the 
particle can no longer be considered as taking place in the 
general potential field of the remainder of the system. 
Finally the anomalous behavior may set in suddenly at a 
particular energy, as is certainly the case with pair pro- 
duction, This energy consideration alone might be sufficient 
to account for the normal behavior of the K electron since 
the energy of the latter, even in the heaviest elements, is 
much smaller than that with which we are concerned. 

F. C. CHAMPION 
A. BarBer 
of London, 
November 17, 1938. 
1 A. Barber and F.C. Champion, Proc. Roy. Soc. A933, 159 (1938). 


Absorption of Slow Neutrons of Different Energies by B, 
Co and Mn 


We have measured the absorption of neutrons of different 
energies by various substances, using a Ra-Be source in 
paraffin and the usual Geiger-Miiller tube and scale-of- 
eight counting system. 

With boron absorbers, our geometrical conditions in 
experiments with C and D neutrons were nearly those of 
a parallel beam; three thicknesses of absorbing material 
ranging from 0.02 to 0.1 g/cm* were used, At these energies 
with other absorbers and at higher energies, measure- 
ments were made with, usually, only two absorber thick- 
nesses. Absorption coefficients were evaluated by the 
method of Frisch.' Some of the results are shown in Table I. 


Tasuz I. Absorption coefficients, in cm*/g, of B, Mn and Co with different detectors. 


> Mn 
B 30.0 5.35 2.46 0.97 0s2 

Mn 0.14 0.015 <0.003 0.02 0.04 <0.008 0.80 
Co 0.32 0.08 0.03 0.04 


The boron absorption coefficients agree, in general, with 
those already reported by other workers.* Our value for the 
D neutrons is, however, somewhat higher, giving 0.94 v 
for the resonance level of Rh. For I neutrons, our value 
agrees with those of Frisch and of Norling and Fleisch- 
mann, and we confirm the latter in placing the Br level at 
a somewhat higher energy than the I level. 

The coefficient of self-absorption for Mn, determined 
with a thin detector and a thin absorber, is unusually low. 
It is seen that the Mn resonance band extends well into 
the region of the I and Br resonance energies. The ratio of 
the Mn absorption coefficients for C and D neutrons is 9, 
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whereas the same ratio for boron is 5.6, suggesting a 
resonance level for Mn in the thermal region also. 

The fact that the absorption by Co of I neutrons is 
greater than that of Ag neutrons, shows the presence of a 
resonance band for Co in the region of the I energy level. 

These and other results will appear in more detail. 

E. O. SALANT 
W. J. Horvat 
H. I. Zacor 
New York University, 
Washington Square College, 


Washington Ee, New York, 
December 3, 1938. 


Danske Vidensk, Selskab. Math. Phys. Medd. 14, 

*j.R. D B. Pegram, G. A. Fink and A. C. G. Mitchell, 
Phys. Rev. 48. . 268 1938); H. H. Goldsmith and F. Rasetti, Phys. Rev. 
= (1936); F. Norling and R. Zeits. Physik 108, 483 


A Remark on the Latitude Effect of Cosmic Rays 


New measurements of the cosmic-ray latitude effect! 
show that the latitude, where the effect begins, remains the 
same in the whole atmosphere. This behavior denotes that 
the existence of a “‘critical latitude” is produced, not by 
atmospheric absorption,’ but by absence, in the incident 
radiation, of rather slow rays;* they either are deflected 
by the sun’s magnetic field or do not exist at all in the 
primary spectrum. We wish to call attention to a conse- 
quence of this conception, which possibly may permit us 
to decide, if the hard component, considered here alone, 
is primary in origin, or secondary—as recently suggested 
by some authors.‘ 
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If the component is a secondary one, its latitude effect 
accompanies that of the primaries and the critical latitude 
will be the same at ali depths. . 

But if the hard rays are themselves primaries, the con- 
stancy of the critical latitude is limited to depths x < Emin/s 
only, where s is the specific ionization and Emin the threshold 
value of the energy spectrum. Only rays of energies higher 
than Emin are able to reach to depths x > Emin/s since the 
maximum range of an ionizing ray of energy E is always 
R=E/s, whatever may be the kind of its energy loss. 
Therefore, with increasing depth the critical latitude will 
shift to lower values, nearer the equator, exactly as is 
shown by the absorption theory. It can be calculated by 
the well-known equation £, =sx, where E) is the threshold 
energy imposed for incoming rays by the earth’s magnetic 
field. Such a shift was observed by Clay® for rays which 
had penetrated more than one atmosphere. If his result 
could be confirmed definitively, it would prove a primary 


origin for the hard component. 
B. Gross 
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